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1 Traditional Models of Monetary Policy

Main references: Romer (1996) (Romer), Blanchard and Fischer (1989) (BF), Obstfeldt
and Rogoff (1996) (OR), and Walsh (1998).

1.1 The IS-LM Model

Reference: Romer 5, BF 10.4, and King (1993).

The IS curve (in logs) is
. . —y: + &y
yr:—)/lt+5yt:>lt=%, (1.1

where €y, is a real (demand) shock. The LM curve (in logs) is

Yy + &me —my + py
P ,

(1.2)

my— py =Yy — Ol + &y = iy =

where &,,; is a money demand shock. Consider fixed prices, which amounts to assuming a
perfect elastic aggregate supply schedule: income is demand driven, which is the opposite
to RBC models where income is essentially supply driven. Increasing m, lowers the
interest rate, which increases output. An outward shift in the IS curve because of an
increase in &y, increases both output and the nominal interest rate.

The most important problem with this model is that there are no supply-side effects,
that is, prices are fixed. As a logical consequence, the IS curve is written in terms of
the nominal interest rate, which differs from the real interest rate by a constant only.
At a minimum, this model need to be amended with a model for prices (and thus price
expectations), and also a term yE;Ap,4 in the IS curve to let demand depend on the ex
ante real interest rate.

The IS-LM framework has, in spite of these problems, been used extensively to dis-
cuss many important monetary policy issues. The following examples summarize two of

them.

Example 1 (Monetary Policy: Interest Rate Targeting or Money Targeting? BF. 11.2,

Poole (1970), Mishkin (1997) 23) Suppose the goal of monetary policy is to stabilize
output. The central bank must set its instrument (either m; or i;) before the shocks have
been observed. Which instrument should it choose? If i; is kept fixed, then

dy, dy;
=0and
dem: dey,

=1, (i; fixed)

since the money demand shocks are not allowed to spill over to output, and the interest

rate is not allowed to cushion real shocks. If m; is kept fixed, then

1
dy 0 and ﬂ

= <
dem; oy +v¥

1
= —— < 1, (my fixed)
dey 1 +yv/o
since money demand shocks now increase the nominal interest rate and thereby decreases
output, but the real shocks are cushioned by the increase in interest rates. Poole’s conclu-
sion was that interest rate targeting is preferred if most shocks are money demand shocks,
while money stock targeting is better if most shocks are real. This is illustrated in Figure
1.1.

Example 2 (The Mundell-Flemming Model and choice of exchange rate regime, Refer-
ence: OR 9.4, Romer 5.3, and BF 10.4) Add a real exchange rate term to the IS curve
(1.1)

—Yii+¢ (St +p; — Pz) + &y =

P = —y:+8yt+¢(51+17?<_17t)
1= ,
Y

Vi

and let asset market equilibrium be given by the UIP condition
it =i + EAs11.

Assumptions: fixed prices, foreign and domestic goods are imperfect substitutes, foreign
and domestic bonds are perfect substitutes. Assume also that EAs; 11 = 0 so i, = i} (this
does, of course, allow s; to change—and makes a lot of sense if all shocks are permanent).
If my is fixed, so the exchange rate is floating (set my = 0, for simplicity), then the LM
equation gives iy = (Yy; + &m) /o or y; = (wl,* - Smt) /¥ (since i; = if) so

dy: 1 dy,

=—— <0and
de v dey,

= 0 (m; fixed, s; floating).



a. Interest rate targeting

eal shock Money demand shock

b. Money stock targeting

Real shock Money demand shock

A

Figure 1.1: Poole’s analysis of different monetary policy instruments in an IS-LM model.
The real shock is a positive aggregate demand shock, and the money demand shock is a
positive shock to money demand.

A money demand shock has a negative effect on output (similar to a closed economy
model), while a real shock has not (different from a closed economy model). y; cannot
increase unless my, i} or &y, does. If they do not, then any real shock must simply spill

over into an exchange rate appreciation. If the exchange rate is fixed, say s; = 0, then the

IS equation gives i, = (—y, + sy,) Jy orys = —yif + &y (since iy = if) so
d d
X 0 and 25 = 1 (s, fixed).
dem; Eyt

All shocks to the LM curve must be accommodated by corresponding changes in m; to

keep s; fixed. Any real shocks feed right through, since the money stock is expanded

to accommodate the extra money demand to keep the exchange rate fixed (that is, the
output shock is not allowed to increase the nominal interest rate). A fixed exchange rate
(or a currency union) means that the country abandons the possibility to use monetary
policy to buffer country specific real shocks (a common real shock among the participating
countries can be buffered), but all money demand shocks are buffered. The extent of
country-specific shocks is a main determinant behind optimum currency areas (the other
is the degree of factor mobility). The conclusion from this analysis is that a floating
exchange rate is better at stabilizing output if real shocks dominate, while a fixed exchange

rate is better if money demand shocks dominate.

1.2 The Barro-Gordon Model

1.2.1 The Basic Model

References: Walsh 8, OR 9.5, BF 11.2 and 11.4, and Romer 9.4 and 9.5.
Use the LM curve (1.2) in the IS curve (1.1) to derive the aggregate demand curve

d 14 w
= ———(m; — pr — Emt) + ——— &yt 1.3
Vi w-i-]/l//(t Pt mt) w—i-)/l/f)t (1.3)
For simplicity, merge —&,,; + @/ (w + y ¥) &y, into a composite demand shock, e;/ ,
W= L~ p+ el (1.4)
o+yy

This is a very common formulation of aggregate demand; it shows up in Lucas’ model
of the Phillips curve, and also in several monetary models with monopolistic competition
(see, for instance, BF 8.1). Note, however, that if the IS curve depended on the ex ante
real interest rate instead of the nominal interest rate, then a term E; Ap; 0y /(0 + y )
is added to (1.4).

We now also introduce an aggregate supply side inspired by Lucas’ version of the
Phillips curve or by a model with predetermined prices (or long nominal contracts)

wi=b(p— phisy) +els (1.5)

= b (= 7)) + o] 1 pr (1.6)

where pflh] is the log price level in  which private agents expect based on the informa-



e
tt—

Let expectations be rational, so rrf‘ ,_1 in (1.6) is the mathematical expectation

tioninz—1, and 7/, _, is the corresponding expected inflation rate, ”te|r—1 = pfn—l —Di—1.

nte|t—1 =E,_1m7. (1.7)

To simplify the algebra we note that the central bank can always generate any inflation it
wants by manipulating the money supply, m;. We therefore treat inflation 7, as the policy
instrument (the required m;, can be backed out from the equilibrium).

The loss function of the central bank is

Ly=nl+x(—7)7, (1.8)

so the central bank want to stabilize inflation around its natural level (normalized to zero),
but output around y, which may be different from the natural level (once again normalized
to zero). The target level for output, y, is typically positive—perhaps the natural level of
output (zero) is not compatible with full employment (due to labour market imperfections)
or because the natural level of output is affected by product market imperfections. Using
monetary policy to solve such imperfections is probably not the best idea; in this model,
it will not even work.

The central bank sets the monetary policy instrument after observing the shock, &;.
(This is different from the two examples given at the beginning of this note, where policy
had to be set before the shocks were realized.) In practice, monetary policy can react
quickly, although perhaps not completely without a lag. However, the main point in this
analysis is that the monetary policy can react more quickly than the private sector (price
and wage setters). This is probably a realistic assumption. This opens a channel for

monetary policy to have effect.

1.2.2 Monetary Policy with Commitment

In the commitment case, the central bank chooses a policy rule in # — 1 and precommits
to it. It will therefore choose a rule which minimizes E,_L,. Since the model is linear-
quadratic, we can assume that the policy rule is linear. Since only innovations can affect
output we can safely restrict attention to policy rules in terms of a constant (there is no

dynamics in the model) and the shocks. We therefore assume (correctly, it can be shown)

that the policy rule is on the form
7= a 4+ Bel + 88, (1.9)
where we have to find the values of «, B, and §. The public’s expectations must be

e _
-1 = E1me

=a, (1.10)

provided the shocks are unpredictable. Note that « is not determined yet. The idea is that
whatever value of « that the central bank would happen to choose, the public knows it and
will adjust their expectations accordingly. This means that the central bank can influence
the public’s expectations and that it makes use of this in the optimization problem.

Using the supply function (1.6) and (1.9)-(1.10) in the loss function (1.8), and taking
expectations as of t — 1 gives the optimization problem

Ei L =By (o + Bel +860)” + AB, 1 [b (e + Bes + 86 —a) + &8 — 5. (L11)
The first order condition with respect to « gives
a=0. (1.12)
The first order condition with respect to § is
28044 + 2Ab*8040 =001 8 =0, (1.13)

provided the shocks are unpredictable and also uncorrelated, E,,w;’ &} = 0. Finally, the

first order condition with respect to S is then

2Boss +20b (DB + 1) o5s = 0 or
Ab
p=-

o (1.14)

The policy rule (1.9) is therefore

T :ﬂg;, (1.15)



with g given by (1.14). Output is then
=0+ 1e¢]. (1.16)

If the central bank targets inflation only, A = 0, then 8 = 0, which by (1.15) and (1.16)
means that inflation is completely stable and that output shocks are not cushioned. Con-
versely, if the central bank targets output only, A — oo, then 8 = —1/b (apply I’Hopital’s
rule) so output is now completely stable, but inflation varies.

More generally, note that

1 9 3 3 b \? 24b2
————Var(m) = = — - = > 0 and (1.17)
Var(e$) 9 &N oA\ 1+ Ab2 1+ )\bz)3
19 3 3 Ab? 2 b2
Ve g V) = - 0+ 1 = o (— s 1) =2 <0,
Var(e$) 9A ER A\ 1+rb (1+ 102)
(1.18)

As expected, the variance of 7 is therefore increasing in A. Conversely, the variance of

output decreasing in A.

Example 3 Whenb = 1, thenw, = —X/(14+)X)¢; and y; = 1/(1+X)¢g] so Var(w,)/Var(y,)

A2, which is clearly increasing in M.

The policy rule implies that average inflation is zero, « = 0. There is no point in
creating a non-zero average inflation, since anticipated inflation does not affect output.

The policy rule also implies that demand shocks should always be completely offset:
they do not enter either inflation (1.15) or output (1.16). The reason is that demand shocks
push prices and output in the same direction, so there is no trade-off between price and
output stability. Only supply shocks, which push inflation and output in different direc-
tions, gives a trade-off.

To see this, let us simplify by setting price expectations in (1.5), pf‘t_l, to zero and
also revert to considering m; as the policy instrument (there is a one-to-one relation to the

inflation rate). We can then solve the system (1.4) and (1.5) for output and price as
b b+ yy) &4

b@+yy+r1| > =77 mo+ 4 ’ ‘
P 14 o+tyy  —(0+yy) &
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All parameters are positive. A positive shock to 8;1 increases both output and price pro-
portionally, so a decrease in m, can stabilize the effects completely. This can also be seen
directly from (1.4). In contrast, a positive shock to ] increases output but decreases the
price. Since the effect of m; on output and price has the same sign, the central bank can-
not use monetary supply to stabilize both when the economy is hit by a supply shock. If
it opts for increasing m;, then this may stabilize the price but destabilizes output further,

and vice versa.

1.2.3 Monetary Policy without Commitment (Discretionary)

One problem with the commitment equilibrium is that the policy rule announced in # — 1
may no longer be the optimal rule in 7. At that time, inflation expectations can be treated
as given (for instance, inflation expectations might enter the model because they repre-
sent nominal contracts written in ¢ — 1). The central bank could have an incentive to
exploit this: the policy rule is then not “time consistent.” If the central bank cannot com-
mit to a policy rule, then the time inconsistent rule is not credible, and the commitment
equilibrium falls apart.

We now assume that the central bank cannot commit to a rule. Instead, we look
for a policy that is optimal in ¢ (after the shocks have been observed), when m;;_; is
taken as given. If this happens to be the same decision rule as above, then there is no
time inconsistency problem—otherwise there is. With discretionary monetary policy, the

choice of inflation minimizes
2
724 (brrt — bl 6 —y) . (1.19)

There is no expectations operator, since the central bank makes its decision after the
shocks are realized, and it does not precommit (before the shock) to follow any particular
decision rule.

The first order condition with respect to 7; is

m = —mAb? + Ab | — Abe} + MDY, (1.20)

with (two times the) marginal cost of inflation on the left hand side and (two times the)
marginal benefits on the right hand side. The public knows that (1.20) will determine

how the central bank acts. They therefore form their expectations in ¢ — 1 by rationally

11



using all available information. Taking mathematical expectations of (1.20) based on the
information available in # — 1 and rearranging gives that expectations formed in # — 1 must
be

Ty = AbJ. (1.21)
Combine this with (1.20) to get
_ Ab
T = Aby — st
= by + Be] (1.22)

This rule has the same response to the output shock as the commitment rule, but a higher
average inflation (if both A and y are positive). The first of these results means that
the variances are the same as in the commitment equilibrium. The reason is that there
is no persistence in this model. In a model with more dynamics this will no longer be
true—in that case we can intuitively think of the natural output level, here normalized to
zero, as time varying. This makes the difference between commitment and discretionary
equilibrium more complicated.

The second of the results, the higher average inflation, is due to the incentive to deviate
from the commitment rule—and that the public incorporates that when forming inflation
expectations. To understand the incentives to inflate consider (1.20) when T[le‘l71 =g =
0. If the central bank then sets ; = 0 (so there is no policy surprise), then the marginal
cost of inflation (left hand side) is zero, but the marginal benefit (right hand side) is Aby.
If both A and y are positive, then there is an incentive to inflate. Private agents will realize
this and form their expectations accordingly. The equilibrium is where E, 7, = nf‘ ,_; and
marginal cost and benefits are equal.

It is often argued that making the central bank more independent of the government
is quite similar to a lower A, that is, to a lower relative weight on output. From (1.22) we
see that this should lower the average inflation rate. At the same time, it should lower the
variability of inflation, but increase the variability of output, see (1.17)-(1.18).

It is still unclear if the inflation bias is important. There are many other cases where
the logic of the discretionary equilibrium seems unappealing, for instance, in capital in-
come taxation (why is not all capital confiscated every year?). It might be the case that
society has managed to set up institutions and informal rules which create some kind of

commitment technology.

12

The high inflation between mid 1960s and early 1980s could possibly be due to the
lack of commitment technology combined with more ambitious employment goals. An
alternative explanation is that the policy makers believed in a long run trade-off between
unemployment and inflation.

1.2.4 Empirical Ilustration

Walsh Fig 8.5 (relation between central bank independence and average inflation).
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2 Microfoundations of Monetary Policy Models

Main references: Romer (1996) (Romer), Blanchard and Fischer (1989) (BF), Obstfeldt
and Rogoff (1996) (OR), and Walsh (1998).

2.1 Money Demand

Roles of money: medium of exchange, unit of account, and storage of value (often domi-
nated by other assets).

Money is macro model is typically identified with currency which gives no interest.
The liquidity service of money ( medium of exchange) is emphasized, rather than store of

value or unit of account.

2.1.1 Traditional money demand equations

References: Romer 5.2, BF 4.5, OR 8.3, Burda and Wyplosz (1997) 8.

The standard money demand equation

M; .
In 7 = constant + ¥ InY; — wi; 2.1)

t

are used in many different models, for instance as the LM curve is IS-LM models. M; in
(2.1) is often a money aggregate like M1 or M3. In most of the models on this course, we
will assume that the central bank have control over this aggregate.

2.1.2 Money Demand and Monetary Policy

There are many different models for why money is used. The common feature of these
models is that they all generate something pretty close to (2.1). But why is this broader
money aggregate related to the monetary base, which the central bank may control? Short
answer: the central bank creates a demand for narrow money by forcing banks to hold it
(reserve requirements) and by prohibiting private substitutes to narrow money (banks are
not allowed to print bills).

14

The idea behind central bank interventions is to affect the money supply. However,
most central banks use short interest rates as their operating target. In effect, the central
bank has monopoly over supply over narrow money which allows it to set the short interest
rate, since short debt is a very close substitute to cash. In terms of (2.1), the central bank
may set i;, which for a given output and price level determines the money supply as a

residual.

2.1.3 Different Ways to Introduce Money in Macro Models

Reference: OR 8.3 and Walsh (1998) 2.3 and 3.3.
The money in the utility function (MIU) model just postulates that real money balances
enter the utility function, so the consumer’s optimization problem is

max ! (C s ) . 2.2
o, OZﬂ ' 22
One motivation for having the real balances in the utility function is that having cash may

save time in transactions. The correct utility function would then be u (C WL — th(’p 4 mg),

h
where LS opping ;

is a decreasing function of M,/ P;.
Cash-in-advance constraint (CIA) means that cash is needed to buy (some) goods, for
instance, consumption goods

PiC: < My, 2.3)

where M;_| was brought over from the end of period + — 1. Without uncertainty, this
restriction must hold with equality since cash pays no interest: no one would accumulate
more cash than strictly needed for consumption purposes since there are better investment
opportunities. In stochastic economies, this may no longer be true.

The simple CIA constraint implies that “money demand equation” does not include
the nominal interest rate. If the utility function depends on consumption only, then all
rates of inflation gives the same steady state utility. This stands in sharp contrast to the
MIU model, where the optimal rate of inflation is minus one times the real interest rate
(to get zero nominal interest rate). However, this is not longer true if the cash-in-advance
constraint applies only to a subset of the arguments in the utility function. For instance, if
we introduce leisure or credit goods.

Shopping-time models typically have a utility function is terms of consumption and

15



leisure
[e°]
Y BUCL Il —n), 2.4)
s=0
where /; is hours worked, and n, hours spent on shopping (supposed to give disutility).
The latter is typically modelled as some function which is increasing in consumption and
decreasing in cash holdings

2.14 An Example of Money in the Utility Function

Reference: BF 4.5; OR 8.3; Walsh (1998) 2.3; and Lucas (2000)

The consumer’s optimization problem is
o0
M;
max B'u (C , —) (2.5)
(CrM)2, ; "p
subject to the real budget constraint

M,_

p,l +w, —C —T, (2.6)

M,
K,+1+?:(1+71)Kf+
t

where 7; is the (net) real interest rate (from investing in # — 1 and receiving the return in
t), and w; the real wage rate. Labor supply is normalized to one. The consumer rents his
capital stock to competitive firms in each period. 7; denotes lump sum taxes.

Use (2.6) in (2.5) to get the unconstrained problem for the consumer

o0
M, M, M
max ) plu [(1 Fr) K+ b w — Ty — Kt — 1 —’]. .7
(KM} 20 125 Py P P
The first order condition for K, is
M, M
uc\Ci,— ) =0+ r41)Buc | Cr+1, — | » 2.8)
P, Py

which is the traditional Euler equation for real bonds (with uncertainty we need to take
the expected value of the right hand side, conditional on the information in #). It would

also hold for any other financial asset.

16

The first order condition for M, is

M; M; M1\ P
uc C,,? =upm/p Ct,? + Buc Ct+1’P7+1 Py 2.9
' ' t '

If money would not enter the utility function, then this is a special case of (2.8) since the

real gross return on money is P;/ P4 1. It is not obvious, however, that we get an interior
solution to money holdings unless money gives direct utility.

The left hand side of (2.9) is the marginal utility lost because some resources are taken
from time ¢ consumption, and the right hand side is the marginal utility gained by having
more cash today and the extra consumption this allows tomorrow (cash provides utility
and is also a form of saving, whose purchasing power depends on the inflation).

Substitute for fuc (Cr41, Mi4+1/ Pr+1) from (2.8) in (2.9) and rearrange to get

uc (Ct, %> (1 - ¥i> = MM/P (C,, %) . (210)
Py L+rig1 Py P

The Fisher equation is

Pry1
P’

1+i =E (1 +r41) (2.11)

where the convention is that the nominal interest rate is dated ¢ since it is known as of ¢.
Under perfect foresight, (2.10) can then be written

i M, M,
= C;, — C,— 1, 2.12
T, MM/P(r Pf)/“c(z P,) (2.12)

which highlights that the nominal interest rate is the relative price of the “money services”

we get by holding money one period instead of consuming it. Note that (2.12) is a rela-
tion between real money balances, the nominal interest rate, and an activity level (here
consumption), which is very similar to the LM equation.

Example 4 (Explicit money demand equation from Cobb-Douglas/CRRA.) Let the utility

_alY
M, 1 M\
ulc. ) = —— o (5 :
P -y P

function be

17



in which case (2.12) can be written

M, l—al+i
i o} ' r
P; o i

which is decreasing in i; and increasing in Cy. This is quite similar to the standard
money demand equation (2.1). Take logs and make a first-order Taylor expansion of
In[(1 +1i;) /i,] around iy

M, (I
In — = constant +InC; — ————i;.
P igs (1 4 is5)

Compared with the money demand equation (2.1), Y InY; is replaced by In C; and w =
1/ [igs (1 +iss)]). Ifiss = 5%, then w ~ 20, which appears to be very high compared to

empirical estimates.

2.2 The Effect of Money vs the Effect of Price Stickiness

Reference: Cooley and Hansen (1995)

2.2.1 Inflation Tax Model

This is a fairly standard real business cycle model, with some additional features. A
stochastic money supply interacts with a cash-in-advance transaction technology to cre-
ate some real effects of money supply shocks. The key equations are listed below. (Lower

case letters denote values for a representative household, whereas upper case letters de-

18

note aggregates.)

o0
Utility function : E Zﬂ’ [alnc; + (1 —a)lncy — yhy]
t=0
T;

wy m;
=—h ki +—+ —.
BT T T,

Mmi41
Py

Real budget constraint : ¢y, + ¢ + x; +

Cash-in-advance constraint : P,ci; = m; + T;
Production function : ¥, = e K/ H!79.
Capital accumulation : &k, = (1 — &) k¢ + x;.

Government budget constraint : 7, = AM;4.

Money supply : AlnM; 1 =0.49AInM; + & 41, In& ;1 ~ N, known at .

Log productivity : z;4+1 = 0.95z; + €41, €41 ~ N <0, 4.9 x 10_5)

(Note: it should be T;/ P; in the real budget constraint; there is a typo in the book.) The
notation is: capital stock (K), money stock (M), price level (P), wage rate (W), hours
worked (H), output (Y), investment (X), and productivity (z). Note the notation: the
money stock held at the end of period 7 is denoted M4 (M, in Benassy).

Private consumption consists of a “cash good,” c¢y;, and a “credit good,” ¢p;. One
interpretation of the trading sequence within a time period ¢ is the following.

1. In the beginning of the period, the household carries over m; from ¢t — 1, and gets
T; is cash transfers from the government. Households also own all physical capital
(k;). Firms hold no cash or physical capital. The government finances the transfers

by printing new money.

2. Firms rent capital and labor (the rent and wages are paid somewhat later in the
period), and produce goods.

3. The household buys the cash good with the available cash, where the cash-in-
advance restriction Pici; < m; + T; must hold. (The log-normal distribution of
the money supply shock & means that the money stock can never decrease, which
is enough to ensure that the CIA constraint always binds: positive nominal interest
rate with probability one.) Firms now hold m; + T; in cash.

4. The household receives nominal factor payments w;h; + Pyrik; from the firms (ex-
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hausts all profits), and buys credit goods (P;c2;) and investment goods (Pyx;). The
firms now hold no cash; households own the physical capital k;+1 = (1 — 8) ks +x;,
and the cash m;y| = w;hy + Pyrik; — Picyy — Prxy.

5. In equilibrium, the money stock held by the households (,4) must equal money
supply by the central bank (m; + T; = M;41).

Calibration

The parameters in the production function, depreciation, Solow residual, and time
preference are chosen as in standard RBC models. The money supply process (for M1) is
estimated with least squares. The a parameter is estimated from the first-order condition

C C P (C C P,C 11—
1+ Cor 1 (Cuu + Cor) Sl Al R a*interest rate, (2.13)
Cy P,Cyy my o o

where the paper uses the portion of M1 held by households as a proxy for m; (this differs
from how they estimate the AR(1) for money supply, where they use all of M1). Iden-
tifying a from the intercept, they get a = 0.85. (If they had identified  from the slope
instead, then they would have got o« = 0.9.)

To sum up, they use 6 = 0.4, 6 = 0.019, B = 0.989, y =2.53, and a = 0.84.

Solving the Model

The inflation tax means that the competitive solution will not coincide with the social
planners’s solution. The solution algorithm is therefore a based on the concept of recursive
competitive equilibrium. Solving a quadratic approximation (in logs) of the model results
in a set of linear decision rules in terms of the state of the economy. Productivity is
stationary (|p| < 1), but the money supply is not, so prices will also be non-stationary. It
is therefore very convenient to “detrend” all nominal variables by dividing by M, before
the solution algorithm is applied.

2.2.2 A Model with Nominal Wage Stickiness
The wage contract is based on the one-period ahead expectation of the marginal product

of labor. The first order condition for profit maximization is

0
lmzﬂ—ﬁﬁf(gg = (2.14)

t

Inw,=In(1-60)+InP +2z+6(nK, —InH,). (2.15)
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It is assumed (ad hoc) that In w; is set equal to the expectation of the right hand side of
(2.15), conditional on the information in ¢ — 1. Note that K; is in the information set at
t — 1, while P;, H;, and z; are not. The deterministic steady state of the economy with
the this type of wage contracts is the same as in the economy without wage contracts
(simplifies a lot).

The nominal wage is fixed in ¢+ — 1, and the price level is observed in r. Money
supply shocks may therefore affect the real wage by affecting the price level. Workers are
assumed to supply inelastically at the going real wage (firms are on their labor demand
schedules). A positive money supply shock will decrease the real wage and therefore
increase labor demand and output. As usual, this effect lasts as long as some prices
remain fixed: here it is one period since we have one-period labor contracts. Consumers
(which own both the firms and the labor resources and therefore get all output) choose
to consume only a fraction of the temporary income increase, so most of output increase
spills over to investment (saving).

The most important difference between these two models is that only the model with
nominal stickiness shows a quantitatively interesting response of real variables to money

supply shocks. See Cooley and Hansen (1995) Figures 7.6-7.

2.3 Dynamic Models of Sticky Prices

References: BF. 8.2, Romer 6.7, Rotemberg (1987).

This section deals with the effect of price rigidities in dynamic models. Prices are set
in advance and firms are assumed to supply whatever demand happens to be (which is rea-
sonable only as long as demand shocks do not force marginal costs above the price). This
clearly assumes that firms can expand production, for instance, by hiring more labour, so
there must be a fairly elastic factor supply. If factor supply is not particularly elastic, then
marginal costs will increase rapidly so the assumption that marginal cost is always below
the price becomes implausible.

Aggregate demand shocks (or money supply) will usually have real effects when
prices adjust slowly. This is certainly the case when prices are changed with prespeci-
fied intervals (time-dependent rules), and the main issue is instead how long the effects
last. It is typically also the case when prices are changed when the old prices are too far

from the frictionless optimum (state dependent rules).
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In general, we would like to find a reasonable model which can explain both why
average prices seem to adjust gradually to monetary expansions and why price changes
of individual firms appear to be “lumpy.” This is hard.

2.3.1 Quadratic Costs of Price-Adjustment

Reference: Rotemberg (1982a), Rotemberg (1982b), and Walsh 5.5.

Firm i is a monopolist on its market and sets the log price, p;;, to maximize the value
of the firm: the expected discounted sum of profits. If there were no costs of adjusting
this price, then the price would be equal to some value, p},, which we call the flex price
optimum.

With costs of adjusting the price we formulate the maximization problem in two steps.
First, find the flex price optimum, p7,. Second, minimize the loss from not being at p,
and from incurring adjustment costs. For the moment, we will take the time series process
of p} as given and focus on the second part of the maximization problem. To make any

progress, we also approximate the objective function in the second step by a quadratic

function
ad 2
omin B3 B [(pives = plis)” ¢ (Pinss = s’ or (2.16)
Pit+sig—g =0

. 2 2
min {(Pit - P?t) + ¢ (pir — pir—1)> + BE; (pirt1 — P;kf“) + BeE; (pir1 — pi)* + } .

{(Pir+s)iey

The first order condition with respect to p;; is

pit — Pjy + ¢ (pir — pir—1) — BCE; (pir41 — pir) =0or 2.17)
1
BE Apirs1 + - (pf — pir) = Apir. (2.18)

There is no lumpiness in individual price changes. Since both deviations from the p?, and
prices changes are much more costly when they are large (the loss function is quadratic),
the optimal policy will be to converge to p, by taking many small steps rather than a
few large. In a symmetric equilibrium p;; = p; and p}, = p;. It can also be noted
that situations with a high surprise inflation will lead to a higher p}, — p;;, so the price
adjustment is then faster.

The smooth individual price changes carry over to the average prices, since all firms
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are similar. Let p;; = p; and p}, = p; be the common prices and write (2.18) as

1
Ap; = BE,Aps41 + - (P;’< - Pr) . (2.19)

Special Case: No Adjustment Cost (c = 0)
If ¢ = 0, then (2.17) shows that p;; = p7,, so the firm will always set its actual price

equal to the unrestricted optimal price (quite obvious since the price is then unrestricted).

2.3.2 The Flex Price Optimum with Monopolistic Competition

What is the unrestricted optimal price, p};, which plays such an important role in the
previous model? A typical formulation is that it represents a monopolist’s price in a flex-
price equilibrium. That price is typically an increasing function of aggregate demand and
a decreasing function of the productivity level. In logs, we write

Pl =D+ oy + e (2.20)

where &, is interpreted as the negative of a productivity shock (negative “supply shock™).
Note that ¢ > 0. It is typically increasing in slope of the marginal cost curve (the degree
of decreasing returns to scale) and decreasing in the elasticity of substitution between
goods in consumer preferences. In most models, we need an upward sloping marginal
cost curve to get ¢ > 0, which could be motivated by some fixed factors of production.
If these fixed factors are not completely fixed, but can be accumulated over time, then
the problem becomes more complicated (dynamic) and (2.20) can only be interpreted as
an approximation that might be valid for short to medium run horizons (a business cycle,
say).
Using (2.20) in (2.19) gives

Apy = BE/Apiy1 + 8 (Pyr + &), where § = 1/c, (2.21)

which can be thought of as an expectations-augmented Phillips curve. It is in an sense
similar to the Keynesian AS curve, which has positive relation between output and the
price level.
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Recursion forward gives

o0
Api =8 BEi (BYies + &rts) (2.22)
s=0

provided lim;_ oo B*T'E; Ap; 45 = 0. Note that E; y;,; has a large effect on inflation is ¢ is
high (strong decreasing returns to scale and/or strong market power), and E; (¢y;+s + &¢+5)
has a large effect if § is high (small ¢ in (2.21)).

As in any Phillips curve, it appears as if inflation is a real phenomenon! This is quite
the opposite to the Cagan model, where it is assumed that both output and the real interest
rate are constant. This suggests that this model of price setting is certainly not suitable for
understanding a permanent change in the money supply trend. It is not plausible that the

model parameters, for instance ¢ and ¢, would remain unchanged in such a case.

2.3.3 Example: Calvo Model in a Very Simple Macro Model

For simplicity, assume that the quantity equation holds. In logs we have
my = pr + ¥r. (2.23)

This can be taken to represent aggregate demand. Aggregate supply is represented by
the price setting rule, and it is assumed that firms supply whatever the market demands
at the going price: output is demand determined. In traditional monetarist models, the
quantity equation is aggregate demand, without much discussion of where it comes from.
In a Keynesian model, the quantity equation would be an approximation to the Keynesian
AD curve (the combination of the IS and LM curves which traces out the relation between
output and prices). Both these interpretations assume a negative relation between the price
level and output. In some modern dynamic general equilibrium models, the quantity
equation can be shown to be the money demand equation (see, for instance, Bénassy
(1995)).

We now use this very simple model of “demand” to illustrate some properties of the

sticky price model. Substitute for y; in (2.21) by using (2.23)

Ap; = BE;Ap;11 + 8¢ (m; — p;) + e,
—pr—1+ pr (1 + B +8¢) — BE;piy1 =8 (pm; + &) . (2.24)
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This is a second-order expectational difference equation, which can be solved with a
variety of methods. The perhaps most straightforward one is to specify a time-series
process for the exogenous driving process, and transform the system to a vector first-order
system and then use a decomposition of the resulting matrix to decouple the variables in
those that are predetermined in # (typically the exogenous variables and values determined
in previous periods like the capital stock and lagged variables) and those that can jump
in ¢ in response to changes in expectations about future values (typically asset prices and
anything else that depend on expected future values).
A trivial step is to note that (2.24) can be rewritten

1 1+8+6 )
Bt = —piot + p b0 2 . (2.25)
B B B
Suppose &; = 0 and that m, is an AR(1)
my = pmi—1 + Eme. (2.26)

We can then write the model on state space form as

meqq P 0 0 my Emt+1
Pt =10 0 1 pi—1 |+1] 0 . 2.27)
E/pr+1 —%({b _% 1+ﬁﬁ+8¢ Pt 0

Some impulse response functions (dynamic simulations obtained from setting &,,,;, = 1
in t = 0 but zero in all other periods) are shown in Figure 2.1. In Figure 2.1.a, price ad-
justment is fairly slow (many prices are fixed in spite of an increase in nominal demand),
so a monetary shock leads to a relatively large effect on output: money is far from neutral.
In Figure 2.1.b, price adjustment is much faster (the rate at which an occasion to change
the price arrives is much higher), so the monetary shock has almost no effect on output:
money is almost neutral. In Figure 2.1.c also has fat price adjustment, but now because
¢ is high (quickly decreasing returns to scale or strong monopoly power), which makes it

too costly for firms to keep their old prices.

2.3.4 The Calvo Model and the ‘“Natural Rate Hypothesis”

Reference: Walsh 5.5.

The “natural rate hypothesis” states that the mean of output cannot be affected by
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a. Baseline model b. Frequent price adjustments, g=0.99

1

0.5
] — money

T — — price 0
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-2 0 2 4 6 8 -2 0 2 4 6 8
period period

c. Prices sensitive to demand, ¢=2 Calvo model, response to money supply shock

- Parameter values (base line):
p=0.95, ¢=3/7, ¢=0.875, p=0.96

1

Figure 2.1: Impulse responses in the Calvo model

any monetary policy. Suppose the central bank can change the inflation rate by changing
its policy instrument. Take the unconditional expectation of the Rotemberg/Calvo model
(2.21) and use iterated expectations and Ee; = 0 to get
EAp, — BEAp 41
3¢ ’

If 8 =1 (B < 1), and inflation is a stationary series so EAp; = EAp;1, then this

Ey, = (2.28)

means that inflation cannot (can) affect average output. Irrespective of whether 8 = 1 or
not, a drifting inflation rate (EAp; #EAp,) can certainly affect average output.

This should probably be regarded as an artifact of the Calvo model. It puts restrictions
on which type of policy experiments which are meaningful to analyze with the help of
this model: we should probably only use this model for policy changes which keeps the
average inflation rate unchanged. In many applications, the Phillips equation is assumed
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to refer to detrended output (as a measure of the business cycle). The main reason is
that the Phillips effect is typically only relevant for as long as the production function
has decreasing returns to scale, see the discussion of (2.20). Since detrended output per
definition has a zero mean the kind of experiments that changes Ey, must be ruled out.

2.4 Aggregate Demand

The period utility function is

A

UC) ==

c', (2.29)
%

where A; is a taste shift parameter. The Euler equation for optimal consumption is

aU (Cy) U (Cr41)
=BE/ | —— , 2.30
aC, BE, 3Cro) Qi1 (2.30)
where O, is the gross real return.
The marginal utility of C; is
U (C)) -
= AC, ", 2.31
aC, G (23D
so the optimality condition can be written
Apr (Cip\ 77
1 =8E
,8 tQt+1 A, < C,
=BEexp(In Q/41+AlnA;yy —yInCip1+yInGy). (2.32)

Assume thatIn Q;41,In A;41, and In C, 1 are jointly normally distributed. (Recall Eexp (x) =

exp (Ex 4 Var (x) /2) is x is normally distributed.) Take logs of (2.32) and rewrite it as

O0=mIB+EInQ 1 +EAnA 1 —yE/InCy1 +yInG
+ Var, (In Q41 +In A4y — yInCyyy) /2, or (2.33)

1 1
E/InCiy1 =InC, + ;E; In Q41 + ;EzZtJrl,

where E;z;41 = In B+E; A In A; 11+ Var,(.). The most important part of E;z;11 isE;Aln A/4 .

IflnA;p) =plnA; +upyg, then E;Aln As ) = (p — 1) In Ay, so the AR(1) formulation
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carries over to the expected change, but the sign is reversed if p > 0.

2.5 Recent Models for Studying Monetary Policy

This section gives an introduction to more recent models of monetary policy. Such models
typically combine a forward looking Phillips curve, for instance, from a Calvo model,
with an aggregate demand equation derived from an optimizing consumer’s intertemporal
consumption/savings decision, and some kind of policy rule or objective function for the
central bank.

2.5.1 A Simple Model

Price are set as in the Calvo model. In this model, a fraction ¢ of the firms are allowed
to set a new price in a period, and the fraction 1 — ¢ must keep their old price. When
allowed to change the price, the firms chooses a price to minimize a discounted sum of
the squared deviations of the actual price and the flex price. We also assume that the flex
price is determined as in model of monopolistic competition, p}, = p; 4+ @y + &x,, where
¢ measures how much price setters wants to increase the relative price when demand
increases (¢ is high when the substitution elasticities between goods is low and when the
marginal cost curve is steep). The supply side of the economy can then be summarized
by the “Phillips curve”

7wy = BEmi41 + 8 (dyr + &x1) s (2.34)

where § is increasing in the fraction g.

The “aggregate demand” curve is derived from an Euler condition for optimal con-
sumption choice with taste shocks, combined with the assumption that consumption equals
output. It is

L.
Eryrv1 =y + ; (i — Egmrq1) + €yrs (2.35)
where ¢y, is a negative shock to current (time ¢) demand.
The central bank sets short interest rate, i;. This can have effect on output since prices

are sticky, so the nominal interest rate affects the real interest rate. This, in turn, affects

demand, and thus inflation through the “Phillips effect.” Suppose the reaction function,
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also called simple policy rule, of the central bank is a “Taylor rule”
ir = X7 + Uy (2.36)

This is a sub-optimal commitment policy. It is a commitment rule since the policy setter
will stick to this rule, even if it would be optimal to deviate from it in certain states. The
optimal commitment rule, however, would not restrict the decision rule to be a function
of y, and 7r; only.

Note that there is no money demand function in this model. The reason is that mone-
tary policy is specified in terms of the interest rate, so the money stock becomes demand
determined (the money supply curve is flat at the chosen nominal interest rate). Of course,
in order for the central bank to control anything of importance, there must be a demand
for money. The money demand function could be added to the model, but its only role is
to determine the money stock.

Suppose the shocks in (2.34) and (2.35) follow

Ext+l = Tn€xt + Crr+l
Eyt+1 = TyEyt + Cyr+1- (2.37)

We can write (2.34)—(2.37) as

1000 Exr4l % 0 00 Ext
0100 Eyr+1 |10 7 00 eyt n
0080 Emyr | | =8 0 1 —58¢ P
00 1 E/vit1 0 1 01 e
0 CnH—l
0 gyt+]
i + , 2.38
o | 0 (2.38)
1
5 0
with
Ext
. Eyt
z,=[0 0 x u] (2.39)
Tt
Wt
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This system is in state space form and could be summarized as

Ao [ Tl } —A [ e } + Bi; + &1, and (2.40)

Erxort1 X1

i=—rF| " (2.41)
X2t

where xy; is a vector of predetermined variables (here &5, and &y,, which happens to
be exogenous, but also endogenous variables can be predetermined) and x»; a vector of
forward looking variables (here 7, and y;). Premultiply (2.40) with Aa o get

Mt ALY | 4 Biy 4 &4, where (2.42)
Erx2r41 X2

A=Aj'A, B=Aj'B,and Cov (&) = A, 'Cov (é,) Ayl (2.43)

By using the policy rule (2.41) in (2.42) we get

{ i } = (A— BF) [ e } + &1 (2.44)

Erxor41 X2t

This system of expectational difference equations (with stable and unstable roots) can
be solved in several different ways. For instance, a decomposition of A — BF in terms of
eigenvalues and eigenvectors will work if the latter are linearly independent. Otherwise,
other techniques must be used (see, for instance, Soderlind (1999)). A necessary condition
for a unique saddle path equilibrium is that A — B F has as many stable roots (inside the
unit circle) as there are predetermined variables (that is, elements in xy;).

To solve the model numerically, parameter values are needed. The following values

have been used in most of Figures 2.2-2.4 (exceptions are indicated)

B s ¢ ¥V Tr Ty VX Ay A
099 225 2/7 2 05 05 05 15 05 0

The choice of § implies relatively little price stickiness. The choice of ¢ means that a 1%
increase in aggregate demand leads to a desired increase of the relative price of 2/7%. The
choice of the relative risk aversion y implies an elasticity of intertemporal substitution of

1/2. The v and yx are those advocated by Taylor. The loss function parameters (see next
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Figure 2.2: Impulse responses to price shock; simple policy rule

section) means that inflation is twice as important as output, and that the policy maker
does not care about fluctuations in the nominal interest rate.

The first subfigure in Figure 2.2 illustrates how the model with the policy rule (2.36)
works. An inflation shock in period ¢ = 0 increases inflation. The policy maker reacts by
raising the nominal interest even more in order to increase the real interest rate. This, in
turn, has a negative effect on output and therefore on inflation via the “Phillips curve.” The
central bank creates a recession to bring down inflation. The other subfigures illustrates

what happens if the coefficients in the reaction function (2.36) are changed.
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2.5.2 Optimal Monetary Policy

Suppose the central bank’s loss function is

o0
E, ) B*Liys, where (2.45)
s=0
Liys = (”t+s - 7[*)2 + Ay ()’t+s - y*)z + A (it+s - i*)z . (2.46)

A particularly straightforward way to proceed is to optimize (2.45), by restricting the
policy rule to be of the simple form discussed above, (2.36). Optimization then proceeds
as follows: guess the coefficients v and x, solve the model, use the time series represen-
tation of the model to calculate the loss function value. Then try other coefficients v and
X, and see if they give a lower loss function value. Continue until the best coefficients
have been found.

The unrestricted optimal commitment policy and the optimal discretionary policy rule
are a bit harder to find. Methods for doing that are discussed in, among other places,
Soderlind (1999).

Figure 2.3 compares the equilibria under the simple policy rule, unrestricted optimal
commitment rule, and optimal discretionary rule, when it is assumed that 7* = y* = 0.
It is clear that the optimal commitment rule achieves a much more stable inflation and
output, in spite of a less vigorous increase in the nominal interest rate. This is achieved by
credibly promising to keep interest rates high in the future (and even raise further), which
gives expectations of lower future output and therefore future inflation. This, in turn,
gives lower inflation and output today. The discretionary equilibrium is fairly similar to
the simple rule in this model. Note that there is no constant “inflation bias” when target
levels are at their natural levels (zero) as they are in these figures. The discretionary rule is
still different from the commitment rule (they are, after all, outcomes of different games).
The intuition is that there is a time-varying “bias” since the conditional expectations of
output and inflation in the next periods (their “conditional natural rates”) typically differ
from the target rates (here zero).

Figure 2.4 makes the same type of comparison, but for a positive demand shock, —é&,.
In this case, both optimal rules “kill” the demand shock, which is seen almost directly
from (2.35): any shock &y, could be met by increasing i; by ye,,. In this way output is

unaffected by the shock, and there will then be no effect on inflation either, since the only
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Figure 2.3: Impulse responses to price shock: simple rule, optimal commitment policy,
and discretionary policy

way the demand shock can affect inflation is via output (see (2.34)). This is very similar
to the static model discussed above: the demand shock drives both prices and output in
the same direction and should, if possible, neutralized. Of course, the result hinges on
the assumption that the policy maker is not averse to movements in the nominal interest
rate, that is, A; = 0 in (2.46). (It can be shown that this case can be approximated in the
simple policy rule (2.36) by setting the coefficients very high.) Many studies indicate that
central banks are unwilling to let the nominal interest rate vary much. This is sometimes
interpreted as a concern for the banking sector, and sometimes as due to uncertainty about
the state of the economy and/or the effect of policy changes on output/inflation. In any
case, A; > 0 is often necessary in order to make this type of model fit the observed
variability in nominal interest rates.
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Figure 2.4: Impulse responses to positive demand shock: simple rule, optimal commit-
ment policy, and discretionary policy
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3 Looking into Some Recent Models of Monetary Policy

3.1 A Baseline Model

Reference: Paul Soderlind’s lecture notes MacPol. TeX; Clarida, Gali, and Gertler (1999)
Prices are set as in the Calvo model (See Rotemberg (1987) and MacPri.TeX for

derivations)
7 = BEmi 41 + 8 (dyr + x4 - (3.1)

The parameter ¢ captures the degree to which monopolistic competitor j wants to increase
its relative price as demand increases, so the log desired price is p/* = p + ¢y, where p
is the average price level and y is log aggregate demand. Increasing marginal costs and a
low demand elasticity make ¢ large. The parameter § is determined as

s=li[1—ﬁ(1—q>], (3.2)
—q

where f is the discount rate, and ¢ the fraction of firms that can change the price in each
period. § is increasing in q.

The “aggregate demand” curve is derived in Section 3.4.1 from an Euler condition
for optimal consumption choice with taste shocks, combined with the assumption that

consumption equals output

1.
Eiyiy1 =y + ; (i — Eimryq1) + €1, (3.3)

where ¢y, is a negative shock to current (time ¢) demand.

The central bank sets short interest rate, i;. This can affect output since prices are
sticky, so changes in the nominal interest rate change the real interest rate. This will then
influence price setting via the “Phillips effect” in (3.1).

Suppose the shocks in (3.1) and (3.3) follows

Ext+1 = Tn€xt + i+l

Eyt+1 = TyEyt + {yt+l~ (34)
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We can then write (3.1)-(3.4) as

1000 Exttl w 0 00 &t
0100 Eyr+l |10 7 00 &yt n
008 0 Emer | | =8 0 1 —58¢ P
00 1 E/vit1 0 1 01 e
0 Cri+l
0 Cytt1
i + g 3.5
o | 0 (3.5)
1
" 0
This system is in state space form and could be summarized as
-~ | x ~| x ~ -
Ao| MY | = Al Y |+ Biy+ &1, and (3.6)
Erxor41 X2t

where xy, is a vector of predetermined variables (here &5, and &,,, which are both exoge-
nous, but also endogenous state variables could be predetermined), and xy; a vector of
forward looking variables (here 7; and y;). Premultiply (3.6) with Aa Lo get

[ X+l } —A [ e } + Bij + 41, where (3.7)

Erxor41 X2t

A=A5'A1 B = A7'B.and Cov (&) = A5 'Cov (§) A5, (3.9)

3.1.1 Optimal Monetary Policy

Suppose the loss function is

o0
E; ) B Liys, where (3.9)
s=0
Ligs = (s = 1)+ hy (s = )7 i (irgs — %)’ (3.10)

A particularly straightforward way to proceed is to optimize (3.9), by restricting the

policy rule to be a simple (commitment) rule like the Taylor rule

it = X7 + wy;. (3.11)
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Solution methods for this case, as well as for the unrestricted optimal commitment rule

and the optimal discretionary rule is discussed in, among other places, Soderlind (1999).

3.1.2 Impulse Response Functions

See MacPol.TeX for a detailed discussion, but note also the following.

If the policy maker does not care about the volatility of the nominal interest rate,
Ai = 0, then it is always optimal to counter balance any demand (output) shock entirely.
This is seen directly from the aggregate demand curve (3.3): any shock &y, could be
counter balanced by changing i; by y&y,. In this way output is unaffected by the shock,
and there will then be no effect on inflation either, since the only way the demand shock
can affect inflation is via output (see (3.1)). The model extensions discussed below share
this feature, and so will most models where policy have a contemporaneous effect on
output.

The parameters used in these and subsequent figures are

B ) ¢ v Tx Ty w X )\y Aiom
099 225 3/7 2 0or0.5 Oor0.5 05 15 05 0 0.5

The choice of § implies that ¢ in (3.2) is around 0.75, which implies relatively little price
stickiness. The choice of ¢ means that a 1% increase in aggregate demand leads to a
desired increase of the relative price of 3/7%. The choice of the relative risk aversion y
implies an elasticity of intertemporal substitution of 1/2. The w and x are those advocated
by Taylor. The loss function parameters means that inflation is twice as important as
output, and that the policy maker does not care about fluctuations in the nominal interest
rate.

Figure 3.1.a-f show some impulse response functions for the price shock &,. In sub-
figures a-c, the shock is not autocorrelated, but in subfigures d-f it has an autocorrelation
coefficient of 0.5. The “endogenous” dynamics of the model is quite weak: We need auto-
correlated shocks to replicate data, or, as an alternative, some partial adjustment structure.
It can be shown that this is true even if the degree of price inertia is increased (5 lowered).
It will also be true in the model extensions discussed below.

There is, however, somewhat more dynamics in the commitment equilibrium. (This
is also the theme in a recent paper by Woodford.) The intuition is that the policy maker

in this case can make credible promises about future policy and thereby affect the ex-
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a. iid Ttshock, simple rule b. iid tshock, commitment
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c. iid T shock, discretion Baseline model, iid shocks
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v
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period

Figure 3.1: Baseline model, iid shocks

pectations of private agents, which in turn affects behavior today. In this way, the policy
maker is able to stabilize the economy more effectively. Some clues to this can be gained
by comparing the algebraic expressions of the policy rules in, for instance, (Soderlind
(1999)). The discretionary case can be summarized by

Xlr41 = Mxy, + Er+1s (3.12)
u = —Fixy, (3.13)

so the policy instrument, u,, depends on xj; only, which is a VAR(1). In contrast, the
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a. autocorr T shock, simple rule b. autocorr Tt shock, commitment

period period

c. autocorr Ttshock, discretion Baseline model, autcorrelated shocks

period

Figure 3.2: Baseline model, autocorrelated shocks

commitment case can be summarized by

X1r+1 - M€ X1t + Er+1 _and (3.14)
L2141 P2t 0,1, %1
c| X1t
u =—F . 3.15)
P2t

The initial shadow prices of the forward looking variables are zero, p29 = 0,,x1 and there
are no shocks to po;. It is therefore possible to rewrite (3.14) in terms of {x }2:0 only, but
this representation involves many more lags than the VAR(1) in the discretionary solution,
(3.12).

As a final remark, the AR(1) representation of the discretionary equilibrium (3.12)-

(3.13) looks deceptively similar to “simple policy rule” case, which also gives an AR(1)
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of x1; and a decision rule which is linear in xi;. Note, however, that the two equilibria
are quite different. For instance, plugging in F¢ from (3.13) into a simple policy rule and
solving for the equilibrium will not give the same AR(1) matrix as in (3.12).

3.1.3 Handling of Shocks to Forward Looking Equations™*

Note that both forward looking equations (3.1) and (3.3) have shocks (e, and &y,). This
is most easily handled by making both these shocks part of the state vector, so the state
space formulation expresses the expected values of next periods forward looking variables
(E; 7141 and E; y;41) in terms of today’s state variables (e, and €y,) and forward looking
variables (77; and y;). Note that this continues to be true even if there is no autocorrelation
in &7, and €y, (which in itself makes it natural to put them in the state vector).

3.14 Handling Identities*

Suppose we want to have the price level in state space form (3.5), for instance, because
the loss function includes the price level. In other models, it may be the case that some
equations are more easily expressed in inflation rates, while other equations include the
price level. There are two ways to include the price levels. First, the model can be
rewritten in terms of the price levels only. Second, add an identity.

As a very simple illustration, consider the simplified model of exogenous output
(Y141 = pYr + &y+1) and forward looking Phillips curve with no price shock (7, =
BE;m:4+1 + ¥y;). The state space formulation is

R S A Y
0B E; w1 ¥ 1 g 0

To substitute the price levels for the inflation rate we rewrite is as

1 00 Pr 0 0 1 Pr—1 0
0 10 Vitl = 0 p 0 Vi +| &y |- GB1D)
-8 0 B E; pr+1 -1 -y 1 Dt 0

The first equation is just a dynamic identity (p; = p7 even if we are in ¢t = 8). In this
formulation, the lagged price level, p;_;, is predetermined and the current price level,
pr, 1s forward looking. Note that (3.17) is still on the form (3.6). It is clear that an
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output shock, y,, will have a temporary effect on output and inflation, but a permanent
effect on the price level: the price level is non-stationary. This type of non-stationarity
can sometimes be a problem in the solution algorithms and should perhaps be avoided if
possible.

The second possibility is to add the price level (current and lagged) to the state space

form, and to link it to the inflation rate by an identity (w; = p; — pr—1)

1000 Pt 0 0 0 1 Pr—1 0
0100 Yi+1 _ 0 P 0 0 i + Eyt
00 80 E; 41 0O —y 1 0 T 0
0000 E; pr+1 -1 0 =11 Di 0

(3.18)
This is just an extension of the original system. In fact, the second and third equations are
exactly the same as (3.16). The first equation is the same a dynamic identity as before,
and the fourth equation is a static identity (7, = p; — p;—1). The problem with this
formulation is that the matrix on the left hand side is singular, so we cannot write the
model on the form (3.6) with an invertible Ao matrix. However, the singularity is confined

to the forward looking equations so we can write (3.18) on the form

~ | 0 ~ ~ -
Ag| o T S A Bl B, (3.19)
Onzxnl H Eix241 X2t

where H is singular. This model formulation can often be handled with a slightly modified
solution algorithm.

3.1.5 Adding Monetary Policy Shocks*

VAR models of monetary policy typically emphasize that the impulse response to a mon-
etary policy shocks can tell us a lot about how the economy works. So far, there is no
monetary policy shock in this model. One way of getting such a shock is to add a stochas-
tic element to the loss function. Another (crude and simple) way is to simply postulate
that the interest rate that affect the private sector is i, = i; + &;;, where &;; is an exoge-
nous disturbance. Since i; represents the systematic policy, iy, is systematic policy plus
the shock. With this interpretation, iy, is the interest rate and i; is what the interest rate

would have been in absence of the policy shock. For instance, with the Taylor rule (3.11)
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we get iy = X7 + wy; + i

It is straightforward to modify (3.5) to incorporate such a shock: add ¢;; to the vector
of predetermined variables and make sure that it affects all other variables in the same
way as i; does. If we let &;; be an AR(1), then we get

1000 0 Eitg1 0 0 00 &
01000 Exril 0 - 0 00 P
00100 gwi1 | =] 0 0 7, 00 ey |+
00080 SR 0 -85 0 1 =8¢ 7
00051 E/vis1 ;0 1 01 Ve

0 Girt

0 §m+1

0 |icd]| ¢umr |- (3.20)

0 0

+ 0

‘We can now solve the model and trace out the impulse response with respect to ;1
(possibly with t; = 0), which can be compared with the results from a VAR.

3.2 Model Extension 1: Predetermined Prices

We keep the demand curve in (3.3), but assume that prices are set as in the Calvo model,
but that they have to be set one period in advance. It is straightforward to see that this
changes (3.1) to (after forwarding one period)

Tr+1 = BEimr42 + 8B (@Yr41 + Enrr1) - (3.21)

Since 7,41 is know already in #, we can replace E; ;41 by 7,41 in (3.3). If we use the
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fact that E;e5,41 = tr&5z, in (3.21), then state space for can be written

10000 St . 0 00 0 €t
01000 3141 0 7, 00 0 Eyr
00100 Tt =|0 0 01 0 s +
000 B ¢ Eimiq0 -8t 0 0 1 0 Tyl
00001 SR 0 1 0 —% 1 Ve

0 é'm+l

0 Syitl

0 |ii+| 0 . (3.22)

0 0

5 0

In this case, &/, €y, and 7, are predetermined, and 7,41 and y, are forward looking.

The Taylor rule (3.11) can be written
i,=[00x0w] o | (3.23)

3.2.1 Impulse Response Functions

Figures 3.3 show impulse responses to a persistent price shock of the model with prede-
termined prices.

Prices cannot change in + = 0 (the time of the shock), but output and the nominal
interest rate can. In both optimal rules, the nominal interest rate is indeed changed in
t = 0. In the simple rule, it is too, but only by little as long as the reaction function
coefficient of output is low - since output moves only very little in # = 0.

The commitment response to a price shock is interesting. In ¢t = 0, the nominal
interest rate is lowered in order to drive down the real interest rate (magnified by the price
shock which hits 1, so Egmr; is high). This tilts the consumption schedule in favor of
consuming in # = 0 instead of + = 1. The low (expected) output in = 1 drives down
71 by the Phillips effect in (3.21). It can be shown that we get this type of result also for
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Figure 3.3: Predetermined prices

other parameter values, as long as the policy maker does not care too much about output.

The discretionary response to a price shock is also interesting. If the policy maker does
not care about the fluctuations in the nominal interest rate, then output will be completely
stabilized, and inflation is, effectively, left on its own. It can be shown that we get this type
of result also for other parameter values, as long as the policy makers cares about output,
Ay > 0. To understand this result, consider the final period in this game, T'. Then, the
policy maker can affect yr, but not 77 (setin 7 — 1), by setting the nominal interest rate.
Hence, it will set i7 in order to stabilize yr, which it does by setting the nominal interest
rate equal to expected inflation, that is, the ex ante real interest rate to zero (measured as
a deviation from steady state). Private agents realize this in 7 — 1, and form expectations

accordingly. Of course, the situation is essentially the same in 7 — 1, and so forth.
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Figure 3.4: More output dynamics

3.3 Model Extension 2: More Output Dynamics

We now add some extra aggregate demand dynamics by assuming that period ¢ utility
depends negatively on aggregate consumption in ¢ — 1 (using the “Catching up with the
Jonses” model in (Abel (1990))). If we once again assume that consumption equals out-
put, then we get the following equation instead of (3.3)

y—nd-y) -y I
Eiyi41 = » ye+1n ” Ye—1+ ; @iy — Eymyq1) + &yt > 0, (3.24)

See Section 3.4.1 for a derivation. This aggregate demand curve is combined with stan-
dard Calvo model of price setting, (3.1).
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The state space form can then be written

1 000 O Err+1 w 0 0 00 Ext
01000 Eyitl 0 7, 0 00 £y
0010 0 ¥y =0 0 0 0 Vo1 |+
0008 0 By 50 0 1 —8¢ b
000 % 1| Eym 0 1 g0 rEEER ]y,

0 Cnr4l

0 Cyr+1

0 |i+] O . (3.25)

0 0

5 0

In this case, &/, £y, and y,_ are predetermined, and 7, and y, are forward looking.
The Taylor rule (3.11) can be written

i,=[0 00 w] v |- (3.26)

3.3.1 Impulse Response Functions

Figures 3.4 show impulse responses to a persistent price shock in the model with “Catch-
ing up with the Jonses.” The results are very similar to the basic model, except that, in the
optimal rules, the nominal interest rate is raised more at the time of the shock, but lowered
back somewhat more quickly.

The intuition for why the nominal interest rate has to be increased more in ¢ = 0 is the
following. Already in the basic model, the ex ante real interest rate is increased in t = 0
in order to bring down consumption/output and thereby affect inflation via the Phillips
curve. This means that Co <EoCj. In the “Catching up with the Jonses” model, the low
average consumption in ¢ = 0 affects the (expected) marginal utility in + = 1 negatively
- a larger increase in the real interest rate is therefore required in order to make agents

postpone consumption.

47



3.4 Appendix: Derivation of the Aggregate Demand Equation

3.4.1 Derivation of the Output Equation
The period utility function is

Ay

1—

U(C)= yC}*y, (3.27)

where A; is a taste shift parameter. The Euler equation for optimal consumption is

aU (Cy) U (Cr41)
= BE , 3.28
ac, BE; 3Cra) 0141 (3.28)
where O,y is the gross real return.
The marginal utility of C; is

U (C1) -
= AC, ", 3.29
aC, G (3.29)

so the optimality condition can be written
At (Cor1\ 7
1=8E
BE: Qi 41 A, ( c,
=pBEexp(In Q41+ AlnAryy —yInCryy +yInGy). (3.30)

Assume thatIn Q;41,In A;41, and In C; 4 are jointly normally distributed. (Recall Eexp (x) =

exp (Ex + Var (x) /2) is x is normally distributed.) Take logs of (3.30) and rewrite it as

O=InB+E Qi1 +EAInA+1 —yEInCiy1 +yInCi+
Var, (InA;yp —y InCyryy) /2, or

1 1
E/InCiyy =InC, + ;Et InQy1 + ;EIZH»L

The most important part of E;z;y) is E;AInA;qy. If InA,py = plnA; + usyg, then
E;AlnA;+1 = (p—1)In A;, so the AR(1) formulation carries over to the expected change,

but the sign is reversed (assuming |p| < 1).
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The case with “Catching up with the Jonses” is when the utility function is

I-y

- At C[

U(Ct, Ci1) = = , 0, 3.31

(r rl) 1—]/(C’7) n> ( )
-1

where C,_; is average consumption of other consumers in the previous period. The

marginal utility of C; is
U (C1)

e
so the optimality condition can be written

Avet (C\ 7 (€ TP
1 = BE
B t|:Qt+l A, <Ct o

=BEexp[InQip1+AlnA —yAInCyi—n(1—y)AInG], (332

—y =—n(l—
=Atcryc,_n1( y)’

which changes (3.31) to

O=mnB+E Qi +EAInA4 —yAE InCiyy —n (1 —y) AlnCi+
Var; (In Qr 41 +1InArp1 — y InCryy) /2, or

(= 1—
BinCryy =/ =10 0 )10y
y

1 1
InC,—1 + ;EZ InQry1 + ;EtZtH- (3.33)
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4 Solving Linear Expectational Difference Equations

References: Blanchard and Kahn (1980), King and Watson (1995), and Klein (2000).

4.1 The Model

The model is
X141 —A X1t + Er+1 . “.1)
Erxor41 X2t Onz x1

where x|; is an n x 1 vector of predetermined variables with x1¢ given, xy; is an n, vector
of “forward looking” variables, and &, is a white noise process with covariance matrix X.

All dynamics of the exogenous processes have been placed in x;.

Example 5 (Cagan model.) Consider the “Cagan model” (See, for instance, Blanchard
and Kahn (1980) 4) where the price level, P;, behaves like an asset price, and the money
supply, M, is an exogenous AR(1)

InP=(1—a)lnM;+aE;In Py, withO <a < 1, and
InM;p1=plnM; + €4.

This can be rewritten on the same form as (4.1)

In M, | e 0 In M, T €r+1
EnPy | | <1 InP, 0o |

Take expectations of (4.1), based in information in #, of both sides

E, X1t+1 —A X1t . 4.2)
X2¢+1 X2t

We will first try to find the solution to (4.2), then reintroduce the shocks ;.
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4.2 Matrix Decompositions

Remark 6 (Complex matrices.) Let AY denote the transpose of the complex conjugate
of A, so that if

|
A:[l 2+3i]thenAH= .
23

A square matrix A is unitary (similar to orthogonal) if A" = A=, for instance,
— 2 2 ; H _ 4—1 _ 2 2
A= 12 Jiae | gives AT =A""=| 2, S4 |-
2 2

2 2

Remark 7 (Schur decomposition.) The decomposition of the n x n matrix A gives the

matrices T and Z such that
A=2zTZ" 4.3)

where Z is a unitary n X n matrix and T is an n X n upper triangular Schur form with
the eigenvalues along the diagonal. Note that premultiplying (4.3) with Z=' = Z" and
postmultiplying with Z gives

T=27"AZ7, 4.4)

which is upper triangular. The ordering of the eigenvalues in T can be reshuffled, al-
though this requires that Z is reshuffled conformably to keep (4.3) to hold - this involves
a bit of tricky “book keeping.”

Remark 8 (Upper triangular matrices.) If T is upper triangular, then TT is as well.
Example 9 (Cagan again.) If a = 0.5 and p = 0.9 in the Cagan model so

09 0 —-0.74 0.673 09 1 -0.74
A= ,and 7 ~ , T = ,andZH%

-1 2 —-0.673 —-0.74 0o 2 0.673
Note that T is upper triangular, with the eigenvalues along the diagonal, and Z is unitary.

Note that A = ZT Z* holds. In this example, T and Z are real since all eigenvalues are

real (unique).
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4.2.1 Why not a Spectral Decomposition?

Remark 10 (Spectral decomposition.) The n eigenvalues (X;) and associated eigenvec-

tors (z;) of the n x n matrix A satisfies
(A= Ailp) zi = Onx1. 4.5)
If the eigenvectors are linearly independent, then we can decompose A as
A= ZAZ_I, where A = diag(\y, ..., A1) and Z = [ 21 22 - Zn ] s

so A is a matrix with the eigenvalues along the diagonal and zeros elsewhere. To see why
the spectral decomposition works, note that by (4.5) AZ = Z A, which can be premulti-
plied by Z~'. (Note that this decomposition can be quite convenient since the fact that A
is diagonal implies A> = AA = ZAZ 'ZAZ ' = ZAAZ' = ZA%Z7))

Why should we not decompose A with the help of eigenvalues and eigenvectors in-
stead? We could if the eigenvectors were linearly independent (distinct eigenvalues is a
sufficient, not necessary, condition for this). In this case, the approach in Section 4.3 still
applies, but where we let 7 = A.

Often the eigenvectors are linearly dependent. This would create a fundamental prob-
lem when we try to “decouple” the system of difference equations (see below). We then
have to use some other decomposition. The Jordan decomposition used by Blanchard
and Kahn (1980) is perhaps the neatest, but also very difficult to calculate accurately (see
Golub and van Loan (1989)). The calculation of the Schur decomposition is fairly robust,
and is therefore widely implemented in software libraries.

Example 11 Consider the process x; — X;—1 = X;—1 — X;—2 + &. It can be written as a

VAR(1) as
Xt _ 2 —1 Xr—1 + &t )
Xi—] 1 0 X2 0
The VAR matrix has a repeated eigenvalue (1) and eigenvectors ([ 1 1 ]).

Example 12 (Cagan again.) The A matrix in Example 5 has the following spectral de-
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composition

p0] @l o
el ] L]

4.3 Solving

| —|

QQ
H."T
—_ O
| |
| —|
[ <
Ri= O

4.3.1 “Decoupling”

Calculate the Schur decomposition (4.3) of A and reorder (both 7 and Z, a bit tricky) so
the ng eigenvalues with modulus smaller than one comes first. (Note that 7 and Z may

include complex elements.) Partition 7 accordingly

Too Tt
Tz[ 00 9a:|. 4.6)

If there are ny stable and ng unstable eigenvalues, then Tyg is ng x ng, Tys is ng x ng, and
Tss is ng X ng.

Introduce the auxiliary variables

O | =gt | X1 | @7
Sy X2t

Use the Schur decomposition (4.3), A = ZTZ Hin (4.2). Then, premultiply with the
non-singular matrix Z* (“no information is lost,” that is, we get an equivalent system),
use (4.7) and (4.3)

ZHE = zHzTZ7 | 1,
X2t

) )
E, { 1+l } =zHzT [ 6’ } [*from (4.7)%/

8t+l t

_ | Too Tos 0y 4.8)
0 Tss & | '
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4.3.2 Solving the System of E; 6, | and E; §,

Since Tys contains the roots outside the unit circle, §; will diverge as ¢ increases unless
80 = 0. Any stable solution will therefore require that §; = 0 for all . The system (4.8)

can therefore be written as
8 =0, and

4.9)
E/0i+1 = Too0;.

4.3.3 Initial Values of 6,

Invert (4.7) and partition as

X | _ | Ze Zis 0;
X2 Zo Zys 8

Zio
= 6y, 4.10
|: Zo } ¢ 4.10)

since §; = 0.
The initial conditions are that xj¢ is given. From (4.10) we have

x10 = Zre%, 4.11)

which can be solved for 6y if Z;g is invertible. It has n1 rows and ng columns (as many as
stable roots), so a necessary condition is that the number of stable roots equal the number
of backward looking variables (Blanchard and Kahn, proposition 1). If that is the case,
then

60 = Zg x10- 4.12)

If the number of stable roots is less than the number of predetermined variables, n,
then there is no stable solution. In contrast, if the number of stable roots is larger than
the number of predetermined variables, , n1, then there is an infinite number of stable
solutions. See Blanchard and Kahn (1980) for details.

Example 13 (Cagan model with too many stable roots.) Consider the Cagan model in

Example 5 again, but change the price equation to

In P, =InM; + aFE;In P4y, witha > 0. (4.13)
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InM 0 In M, €
P O I (4.14)
E/In Py = 2 In P, 0

with the eigenvalues p (still assuming |p| < 1) and 1/a. If a > 1, then there are two
stable eigenvalues, so we have an infinite number of solutions. To illustrate this, suppose

lap| < 1. Then, iterating on the price equation gives the stable fundamental solution

o0
In P} = Z a’E;In My
s=0
1

- 1—ap

In M,.

However, the full set of solutions is In P, = In P* + b,, where b, is a “bubble.” Try this in
(4.13) to get

InM; + b, =InM; + aE; (1 In M4 +bt+1)

“ap
In M; + aEibi11,

1—ap
ap

—ap

:lnM,—i—1

which requires b; = aE;b,+1. When |a| < 1 this means that the bubble is unstable, and
we choose by = 0 to get an economically meaningful (stable) solution. However, with
la| > 1, there is an infinity of stable bubbles and we have no good reason to choose one

over another.

Example 14 (Cagan model with too many stable roots, continued.) The matrix in (4.14)

can be decomposed in terms of the eigenvectors and eigenvalues

B -1
p 0| |[l—-ap O p 0 l—ap O
= 1 0o 1 1 1 ’
a a | a

When |a| > 1, then both eigenvalues are stable so (4.10) can be written

(M, | [ 1-ap o[ 6y
mp, | |1 1 0 |’

where 01; and 6y, are the elements of the vector 6;. We can identify 61, = In M, /(1 — ap)

from the first equation. The second equation then says that In P, = In M, /(1 — ap) + 6y,
where by (4.9) E;0y: 11 = 0 /a, so 0y is indeed a stable variable. However, beyond that
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we cannot say much about what it represents—this is the “bubble” discussed above.

Example 15 (Square, but singular, Zyg.) It is possible that we have the right number of
stable roots, but that Zyg is singular. This is a fairly odd case, but we cannot rule it out.

For instance, consider a slight variation on the example by Stock and Watson (1995)

X1r41 20 X1 . .
= 1 , with x19 given.
X2141 o 5 X2t

The model therefore has one stable root and one initial condition (it will turn out to be in

the wrong place, however). The spectral decomposition is

BHE A

(4.9) and (4.10) become
1
8 =0and 6,4 = 59,,

MENE

The stable auxiliary variable, 6,, is not related to the variable with an initial condition,

]

=

X1z, S0 Zyg is indeed singular. It is clear this model cannot have a stable solution since

the solution for the first variable must be x1; = 2 x.

Example 16 (Fixing Example 15.) Change the model to

X1r+41 2 B X1 . .
= | , with x19 given.
X241 0 3 X2r

The spectral decomposition is

281 (-2 17[Lo0][-26 17"
o3] [t o]lo2 1o
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In this case (4.9) and (4.10) become

1
5 = 0and b1 = 36,

X | _ _%.3 0
X2t B 1 "

If B # O, then Zyg is non-singular and we have a unique stable solution. It is (since
xor = 6;)

1 . .
Xi+1 = Exll with x10 given, and xy; = ——X1;.

28
This model has a unique stable solution when B # 0 since xyq adjusts so that x; will not
explode. When B = 0, then xy; does not depend on x», so there is no possibility to put

the system on a stable path (recall that x1; has an inherent tendency of being unstable).

The evolution of the deterministic system is (4.9) with (4.12) as starting values. (4.10)
shows to transform to expected values of x; and x2;.

4.3.4 Putting the Innovations Back
From (4.1) we know that x,+1—E;x1,41 = &41. Using (4.10) to rewrite this gives
Zkg (6141 — Eebr41) = €141, (4.15)
which under the same conditions as above can be inverted
O+1 =Ebri1 + Z e (4.16)
Combined with (4.9) we have
b1 = Tools + Zpy) €141, 4.17)
which with (4.12) and (4.10) is a complete solution of the stochastic model.
4.3.5 Dynamics in Terms of x|, and x,,
Using 6; = Z,;;xl, from (4.10) in (4.17) gives
X4l = ZkeTGGZ,;g]xlr + &r41- (4.18)

57



Similarly, combining xo; = Z;46; with 6, = Zk_elxl ¢ (both from (4.10)) gives
X = Z3o Zpg X1 (4.19)

Example 17 (Solving the Cagan model.) From the Cagan model above, and (4.19) we

have

InP = ZiZy, In M,
~ —0.673 (=0.74)"' In M,
~ 0.9091n M;, (exact answeris 10/111n M,),

and (4.18) recovers the AR(1) of money supply
InMiy1 = ZioTon Zig In My + €41
=—0.74%0.9% (0.7 ' In M, + ;1
=09InM; + €4.
4.4 Singular Dynamic Equations*
Instead of (4.1), let the dynamic equations be
Xlr+1 —A X1t + Er+1 ) (4.20)
HE; x4 X2 0,1

where H can be singular (if not, premultiply by H ! to get the system on standard form).
This type of model can often be solved by using the Generalized Schur decomposition.

This is discussed in Chaper 7.

5 A “Simple” Policy Rule

Reference: Currie and Levine (1993), and Soderlind (1999).
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5.1 Model and Solution

We now change (4.1) by adding an effect of a vector of policy instruments, u,,
X141 —A X1t + Bu, + Er+1 ) G.1)
Eix2141 X2t 0,1, %1

The policy instrument is assumed to be a linear function of xj, and x», (this might

with x¢ given.

force you to change the definition of x|, - you can always add variables)

w=—r| M. (5.2)
X2t
Substituting for u, in (5.1) gives

X1t+1 — (A—BF) X1t n Er+1 ’ (5.3)
E/x2r41 X2 0,1

which is on the same form as (4.1), but where A — B F replaces A. We can therefore apply

the solution algorithm above.

5.2 Time Series Representation
Rewrite the VAR(1) in (4.18) as
X1 = Mxy + €41, 54

where &, has the covariance matrix ¥. We know that the impulse response function is

Xty =6 +Ms_1+Me o+ ...+ Mxy, (5.5)
which immediately gives unconditional covariance matrix of xy; as (since Eg;e,—; = 0 if
s #0)

Cov(x1) = = + MM + M>S (M2> o (5.6)

This is easily calculated by iterating until convergence on Cov(xy;) in
Cov (x1;) =  + MCov (x,) M'. 5.7)
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The iteration could start by setting Cov(x,;) on the right hand side to a matrix of zeros.

(An exact formula exist, but it usually gives longer computation time and less accuracy.)

Example 18 (Why (5.7) works). Consider iterating on As+1 = B + CA;C’' by starting
from Ag = 0. The first iteration gives A| = B, the second Ay = B+CA,C’ = B+CBC/,
the third A3 = B+ CA,C' = B+C (B+CBC')C' =B+ CBC'+CCBC'C’, and so
forth. Continue until A;1 ~ As.

Other variables of interest can be expressed as linear functions of xy,, so it is straight-
forward to calculate the impulse response and the covariance. For instance, (4.19) can be
written as

x2r = Cxyy, (5.8)

1
Uy = —F|: c :|x|,, 5.9)

5.3 Value of Loss Function

so the policy rule (5.2) is

Given the time series representation of the model, we now find the value of the loss

function by guess and verify. The loss function is

> -l vl x
oSl )
t=0

From (5.8) and (5.9), note that x; and u, can be expressed in terms of x|, as

1 1
X = xyyandu, = —F X1¢- 5.11
t |:Ci| 1t t |:Ci| 1t ( )

We can therefore write

= Pxy,, (5.12)
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so the loss function can be written
o0
0 U
Jo=E x{, P’ Px
o =Eo g B'xy, U R 1t

=Eo Y _ B'x|,Wxi;, where W = P’ [ o R } P. (5.13)
=0

Remark 19 (Target variables.) In some cases the loss function is formulated in terms of

target variables,

X1t
Yi=K| xx
ur

= K Pxy;. (5.14)

The loss function is then
o]
Jo=Ep Z B'Y, DY,
t=0

oo
=Eyy_ p'x|,P'K'DK Pxy,
t=0

o0
=Ey Zﬁ’x{,le,, where W = P'K'DK P. (5.15)
=0

Remark 20 (Trace of a product.) The trace of a matrix is the sum of the element on the
principal diagonal. Provided the dimensions fit, we have tr(ABC) =tr(BCA) =tr(CAB),
and also tr(A + B) =tr(A) +tr(B).

We try to find the loss function value by guessing and verifying. Guess that the loss
(value) function is
Jo=x1,Vxi +v, (5.16)

and note from (5.13) that it must satisfy

Ji =Xierl, + BEiJr41- (5.17)

61



Use (5.16) for J; 4 and (5.4) for x4 to get

Jy = x,Wxy, + BEx|, (VX141 + Bv /%(5.16) for t + 1%/
X, Wi+ BE, (X}, M + £l4)) V (Mxy, + &11) + Bv /4(5.4)%
= x|, Wxy, + Bx|,M'VMxy; + BE,e,, [ Vey1 + Bo. (5.18)

Of course, (5.16) and (5.18) must give the same value for every possible realization of

the x1; vector, which requires that

v = BE&; Ve + B, and (5.19)
V=W+B8MVM. (5.20)

V can be calculated by iterating on (5.20) by starting at, for instance, V = 0. v is a scalar,
and can therefore be calculated as
B
v = mE,é:;HVeH_l
_ B
=1 trace (VX). (5.21)

Together, this gives us the loss (value) function (5.16) with v and V' given by (5.21) and
(implicitly) (5.20).

5.4 Optimal Simple Rule

Several authors have considered optimal simple rules where they optimize (5.10) with
respect to the decision rules F in (5.2) and the restriction that the choice of F should give
a unique equilibrium (according to Proposition 1 in the Blanchard-Kahn, see above). This
rule is, in general, not the same as the globally optimal rule (under commitment) since
there are restrictions on decision rule.

That this is a commitment rule is intuitively easy to understand if we recall how the
optimal policy is found: (i) guess a policy rule (F); (ii) solve the model as above (with
the Schur decomposition) and calculate the loss; (iii) try another F matrix and see if it
gives a lower loss function value. Note that we required the policy rule to be the same
for all periods, and for each policy rule we calculate the equilibrium by assuming that the

private sectors take F for granted when they form their expectations. This means that the
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policy maker acts like a Stackelberg leader.

It can be shown that the optimal simple rule is not certainty equivalent, so the decision
rule will depend on the covariance matrix X, and the initial state vector, xj9. Only the
combination of a quadratic loss function, linear transition equations, and no restrictions
on the form of decision rule gives certainty equivalence.

5.5 Singular Dynamic Equations*
Instead of (5.1), let the dynamic equations be like
€
X1r+1 —A X1z + Bu, + t+1 . (5.22)
HE; x5 41 X2t 0n2><1
where H can be singular (if not, premultiply by H~! to get the system on standard form).

This type of model can often be solved by using the Generalized Schur decomposition.

This is discussed in Chaper 7.

6 Optimal Policy under Commitment

6.1 Model

Reference: Currie and Levine (1993), Backus and Driffil (1986), Svensson (1994), and

Soderlind (1999).
=, 6.1)
X2t

Let
where x1; is an n] x 1 vector of “backward looking” variables and x,; an ny x 1 vector of
“forward looking” variables. Let n = n| + n», so x; is ann x 1 vector.

The problem is to minimize the loss function

N 0 U || x
Jo=E ) , 6.2
0 ogﬂ[x, u’][U/R:Hu,} (6.2)

by choosing an optimal sequence of the k x 1 vector of policy instrument, u,. The con-
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straints are
X1t+1 —A X1t + Bu, + Er+1 or 6.3)
Erxor41 X2t 01,1
Xi41 = Ax; + Bu; + & 41, and xj9 given, 6.4)

where &1 = (€141, X2r+1 — Eix2:41). The second part of & are the innovations in
X2¢4+1, which have to be functions of ¢, 1, but that is something we will return to later.
Form the Lagrangian

o0
Lo= min Eo DB [x/ Qx4+ 2x{Un; + u; Ruy +2p] ) (Ax, + Bu, + Erp1 — x,11)] .

773 pay =0
(6.5)
The k first order conditions for u, are
—B'E;piy1 = U'x, + Ru,. (6.6)
The n first order conditions for x; are
IBA,EHOI+1 =pr— BOx; — BUu;. 6.7
We can write (6.4), (6.7), and (6.6) as
I, 0,5k 0nxn Xt+1 A B 0, xn Xt ,EH—I
0,xn 0nxk ,BA, U1 = -0 —-BU I, us +1 0
Orxn Okxk —B E;pr41 U’ R Ok Pt 0
(6.8)

6.1.1 Initial Conditions

(See Currie and Levine (1993) p 171.)

We have n; initial conditions from the predetermined x1o, and n2 from pg = 0,,x1.
The control variables in u; (a k x 1 vector) should belong to the forward looking variables,
since we have no initial value for them. Note that py, will typically be non-zero, except
in the initial period. This can be interpreted as if the policy maker in + = 0 exploits
the fact that private sector expectations formed in # < 0 (which still influence today’s
economy, for instance, through capital stocks and prices determined in previous periods).
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In fact, there is always a temptation to exploit this, that is, to set policy in such a way that
p2: = 0, but the commitment rules out this—expect for the initial period. The “timeless
perspective,” advocated by Woodford (1999), is essentially to use the policy rule that
comes out from solving (6.8), but only from some period ¢t > 0 where py; is set to some

non-zero value such that the policy is stationary.

6.2 Solving
Reference: Klein (2000) (see also Sims (2001)).

Remark 21 (Generalized Schur Decomposition.) The decomposition of the n x n matri-
ces G and D gives the matrices Q, S, T, and Z such that Q and Z are unitary and S and
T upper triangular. They satisfy

G=08z" and D = 9T Z". (6.9)

The generalized Schur decomposition solves the generalized eigenvalue problem Dx =
AGx, where A are the generalized eigenvalues (which will equal the diagonal elements in

T divided by the corresponding diagonal element in S). Note that (6.9) implies
0"GZ=Sand 0"DZ =T. (6.10)
Note: the notation Q has been recycled here.

Example 22 If G = I in generalized eigenvalue problem Dx = L.Gx, then we are back
to the standard eigenvalue problem. Clearly, we can pick S = I and Q = Z in this case,
50 (6.9) becomes G = I and D = ZT Z", as in the standard Schur decomposition.

6.2.1 Writing the System on a Convenient Form

We now write the system on a form which allows us to apply standard formulas (see Klein
(1997) and Sims (1996)) to solve the system.
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Partition (6.8) as

X1r+1 X1t

X21+1 X2t

[Gu Gn G Gu Gis || wi |=]Dn D D D Dis || w
Eipir+1 ar

L Ero2e+1 | L P2

(6.11)

and reshuffle so x; and py, come first (since we have initial values for these)

X141 X1t
E/ 0241 P2t
[ Gii G5 G Gz G ] X211 = [ Dy Dis Dz Di3 Du ] X21
Uyl ur
L E;p11+41 i L Plr
(6.12)
Let
N X2t
k= [ I } andie = | u, |. (6.13)
P2t
Plt

(Warning: k is the number of elements in the control vector, u,, but k; is the vector defined
in (6.13)).
Take expectations, based on the information in 7, of (6.33), and use the notation in

(6.34) to write the result as
k k
GE.| " |=p| " |, (6.14)
)Lr+1 At

where G and D are the matrices in (6.33).

6.2.2 “Decoupling” the System

Calculate the generalized Schur decomposition and reorder so the block corresponding to

the stable generalized eigenvalues, |7;;/S;i| < 1, come first (this involves a bit of tricky
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Er+1

€r+1

“book keeping,” but there is software available for it). Define the auxiliary variables

o, ul &
-z , 6.15

where we will associate the stable roots with 6, and the unstable with §.
Use the generalized Schur decomposition (6.9), G = QSZ and D = QT Z", in
(6.14). Premultiply with the non-singular matrix Q' (“no information is lost,” that is, we

get an equivalent system) from the generalized Schur decomposition to get

ket | k
QHQSZHE,[ = HQTZH[ ’}

)\z+1 B t

szHE, ki | g | ke
A1 | At
9 )

SE, [ 6’“ = [ at } . I*from (6.15)*/ (6.16)

t+1 t

6.2.3 Solving the System of E; 6, | and E; §,,

Since both S and T are upper triangular (6.16) can be written

Soo S [% Too T¢ 0,
00 968 E, 1| 00 1os t 6.17)
0 555 5;+] 0 T&S ‘St
The lower right block contains the unstable roots, so a stable solution requires that §; = 0
for all 7. The remaining equations are then SgpE;0; = Tyo0;, which we solve

E/bi41 = Sy Toobh, (6.18)

since Sgg is invertible. The reason is that det(Spg) equals the product of the diago-
nal elements since Spg is triangular, and that all diagonal elements are non-zero since
|T;i/Sii| < 1 are sorted first so there cannot be any zeros in the diagonal of Sgg; det(Sgp)
is therefore non-zero and Spy is invertible.
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6.2.4 Initial Values of 6,

Invert (6.15) (recall that Z~1 = Z#), partition,

ke _ Zio Zks 0y
At Zo Zis 8¢
= [ Zio }0,, (6.19)

Zyo

since §; = 0. The boundary conditions give us a given value of xjo and py9 = 0, which
together with the relevant blocks in (6.19) give

k=] "0 | = zyu6. (6.20)
0n2><l

We can solve for 0y if Zg is invertible. It has n rows (7] in x|, and n7 in py;) and as many
columns as there are stable roots. A necessary condition is therefore that (6.14) has the
“saddle path” property: the number of stable roots equals number of backward looking

variables (see Blanchard and Kahn (1980), Proposition 1). Suppose Z k_gl exists, then

60 = Ziy ko 6.21)

6.2.5 Putting the Innovations Back

From (6.3) we have xj,4+1—E;x1;4+1 = &+1, and Backus and Driffil (1986) show that
P21+1—E1 02641 = 0pyx1. Use (6.13) and (6.19) to write these expressions in terms of

Or41

X141 — E X141 Er+1
kvt =B kst = Zig O —Efpy) = | 0 T = T (6.22)
P2+1 — Er p2r41 0,1

which, under the same conditions are above, can be inverted

_ Er1l
01 =Ebr + Z { . } : (6.23)
0n2><l
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Substitute for E;6;41 from (6.18) to get
nyx 1

_ _ Er+1
0¢+1=S(,91T990,+Zk61[ . } (6.24)

which together with (6.21) and (6.19) is a complete description of how the model variables
evolve.

6.2.6 Dynamics in Terms of xy;, py, x2;, and py;

The relation between x1;, oy, and 6; in (6.19) can be inverted

—1 —1| X1t
Or=Zipki = Zpy |: i| (6.25)
P2t
(see above) and used in (6.24) to get
X1t+1 _ Zkesggl TGOZI:GI X1t + Er+1 (6.26)
P2r+1 P2t 0,1

Similarly, combine (6.25) with the relation between xy;, u;, pi;, and 6, in (6.19)

X2t N

U :zwzkg‘[ “] (6.27)
P21

P1t

Equations (6.26) and (6.27), together with the initial values of xjo and p2g = 0,,,x1 give

a complete description of the evolution of the system.

6.3 Alternative Expression when R is Invertible*

This section summarizes an alternative way of setting up the first order conditions, which
can be used when R is invertible. It is sometimes found in the literature.
Invert (6.6)
uy=—R"(U'x; + B'E,py11) if R exists. (6.28)
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Use (6.6) in (6.7)
BAEipisr = pi— BOx + BUR™ (U'x; + BEipri ) or
(BA' = BURT'B ) Eipit = py + (BURT'U' = BO) 1. (6.29)
Similarly, use (6.6) in (6.4)

x4t = Ax; = BR™ (U'xi + BEipisr) + 6 o

Xea1 + (BR—IB’) E/prs1 = (A - BR_IU’> X+ E (6.30)

Therefore, if R~! exists, then we can write the first order conditions as

I, BR™'B Xy1 | | A=BRTWU 0, N €11
Ouxn BA'—BURT'B" || Epip BURT'U' - BQ I, P o |

6.31)
Partition (6.31) as
X1r+1 X1t Er+1
~ = o = X2141 S o X2 €141
[ Gi1 G Gi3 Gis ] = [ Dy D2 Dz Dig ] + ,
E/p1r41 Pt 0
| Ero2iq1 | Lex | O]
(6.32)
and reshuffle so x; and py; come first (since we have initial conditions on these)
X141 X1t Er+1
~ ~ ~ ~ E/part1 ~ ~ ~ ~ P2 0
[ Gy Guu G2 Gz ] = [ Dy Dis D2 Di3 ] +
X211 X2t €r+1
| Ero1i1 | L Pl | (U
(6.33)

Let k; represent the predetermined variables (xj; and py;), and A, the forward looking

k=] " | anda =| ™ |. (6.34)
P2t Plt

The rest of the analysis is then as in the general case.

variables (xz; and py;)
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6.4 Singular Dynamic Equations*

Instead of (6.3) and (6.4), let the dynamic equations be

X1t+1 —A X1t + Bu, + Er+1 or (6.35)
HEx241 X2 01,1
~ . e Inl 0n1><n2
Hx;y1 = Ax; + Buy + &41, and xj¢ given, where H = ,
0n2><n1 H
(6.36)

where H can be singular (if not, premultiply by H~! to get the system on standard form).
The first order conditions for x;, corresponding to (6.7), are then

BA'E, 0111 = H p; — BOx, — BUu;, (6.37)

so we can write (6.35), (6.37), and (6.6) as , corresponding to (6.8), as

H 0nxr Onsn Xr+1 A B 0551 Xt §rt1

0nscn Onxi ﬁA/ Ur+1 = -BO0 -BU H’ ur |+ 0

Ocxn Oxxx —B' Eipr41 U R Ok xn i 0
(6.38)

We can then apply the same solution algorithm as for to this system.

7 Simple Rules with Singular Dynamic Equations*

We now return to the issue of how to solve a model like (5.22), where the forward looking
equations are singular. In this case,

ﬁ X1t+1 —A X1t + Bu, + Er+1 ’ whereI:I _ Inl 0n|><nz .
Erx241 X2t 0}12)(1 0n2><n1 H
(7.1

where H can be singular (if not, premultiply by H~! to get the system on standard form).
First, use the policy rule (5.2) to substitute for u, to get

g X1r+1 = (A— BF) X1t + Et+1 ) 1.2)
Erxor41 X2t 0nz><]
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Clearly, this has the same form as (4.20), but with B = 0 (there is no control variable in
that model), so the approach here can be used also for that model.

Note that (7.2) has the same structure as (6.14) with k, = x;, and A, = xp;, S0
we can apply the same solution algorithm as in Section 6.2—with appropriate changes
of dimensions and notation. In practice, (6.14)-(6.19) still hold, but in (6.20)-(6.27) we
should just leave out py;, p2;, and u, (think of them as zero dimension (empty) vectors). In
particular, this means that a requirement for an invertible Z;y is that there are n| (number
of elements in k, = x1,) stable roots.

8 Discretionary Solution

8.1 Summary

References: Currie and Levine (1993), Backus and Driffil (1986), Oudiz and Sachs (1985),
Svensson (1994), and Soderlind (1999).

The main features are the following.

1. The policy maker reoptimizes every period, but we can find a stationary policy rule

if we let the time horizon go to infinity.

2. The state of the economy is given by the predetermined variables, xj;. As a conse-
quence, the decision rule and the non-predetermined variables, x2;, must be linear
functions of xi; (u; = —Fxyy, and xp; = Cxy,, respectively in the stationary equi-

librium).

3. The policy maker takes the expectations of private agents as given (“Nash equi-
librium” - not like in commitment case where the policy maker is a “Stackelberg

leader”). From above it is E;xo;4+1 = CE;xy141.

4. No closed form solution exists—not even a proof (except in the scalar case) of

convergence of the solution algorithm.

72

8.2 The Model

Let the

X = { o } @.1)
X2t

where x1; is an n] x 1 vector of “backward looking” variables and x,; an ny x 1 vector of
“forward looking” variables. Let n = n| + ny, so x; is ann x 1 vector.

The problem is to minimize the loss function

N P
s=0

Ur+s

The constraints are

A A B
X1t+1 _ 11 12 X1t + 1 " + Er+1 ’ (8.3)
E/x241 Ayl Ax X2 By 0,1

where u; is k x 1, and where x1¢ is given.

8.3 Optimization in Period ¢

The policy maker optimizes in every period, taking into account that he will be able to
reoptimize next period. The state of the economy is summarized by x|, and the period

return is a quadratic form, so we know that we can write the value of loss function as

Ji = ri 4 BE; {x],01 Vie1X141 + vig1} . where (8.4)

y = X1t / On QOn X1t 12 X1t / U, s+ 1, Ru. 8.5)
X2t 02 O» Xor X2 U,

We have not yet specified what the ny x n; matrix V;41 and the scalar v, are. They
are assumed to be known, and that V;; is symmetric (no loss of generality). We also
assume, once again without loss of generality, that R is symmetric. The tricky aspect of
this optimization problem is that the objective function depends on the forward looking
variables, x7;, which are determined endogenously - and depend on expected future values
of x1; and xy;.

The approach to solve this problem discussed below is to express xp; in (8.5) in terms
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of x1; and u,. Since xj, is predetermined, optimizing (8.4) is then a standard problem.
The value of xp; depends on E;x»,, however, so the first step is to use the guess on how
expectations are formed, that is, that E;xo;4+1 = Cy41Esx1141.

8.3.1 Rewriting the System by Using E; x5, = C/+1E;x114+1
Expectations of the non-predetermined variables are
Erxorp1 = CryiEixiegn, (8.6)

where C;1 is some np X nj matrix which we know (unspecified so far).
Use in (8.6) in the constraints (8.3), and take expectations

I Al A X1 B
Exir41 = + Us. 8.7)
Cil Ay Ax X2t B

Note that xy, is given, and suppose we consider what happens if a certain u, is chosen.
Then (8.7) specifies n equations for n unknown (1 in E;x1,41 and n7 in x»;). We therefore
rewrite the system (8.7) as

1 —Ap Eixir41 Ayl B
= X1+ U, or
Ciy1 —Ax X2t Az B>
Ex P P A B
Xl | 11 Po LI P ). 69
X2t Py Px» Az B

-1
Py Po | |1 —Anp
P21 P22 Ct+1 —Azz

From the rules of inverses of partitioned matrices we can note that

where

Py = (A — Cr41A12) " Cryp, and (8.9)
Py =—(Ap — Cri1A) .
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The last n, equations in (8.8) can therefore be rewritten as

Xx2r = (Pa1A11 + PnAz1) x1 + (P21 By + PuB)u,
= [(Azz — Cr1A1) " Cr1 Al — (A2 — CrAp) ™! Azl]xn
+ (A2 = Condi) ™ ConBi = (A = Crrrd) ™ Ba |y

= (An — Cr11A12) " (Cri1 A1l — AaD)x1y + (A — Cr1A12) ™' (Cry1 B — Bo)uy
D, G,
= Dix1; + Gruy, (8.10)

where D; is ny x ny and G; is ny X k.

Evolution of xi,

Use (8.10) in the first n; equations in the constraints (8.3) to get the “reduced form”

evolution of the predetermined variables

X141 = (A +ApDy) x1, + (Br + A12Gy) up + &4
= Afxi; + Bfus + &141, (8.11)

where Af isny x ny and B/ isny x k.

Value of r;

Use (8.10) in the period ¢ loss function (8.5)

/ /
X1t O On X1 X1t Ui
= +2
Dixy + Gy 021 On Dixy + Gy Dixy + Gy Uy
(8.12)
The second term can be written (after straightforward multiplication and rearrange-
ment)
2x1, (U1 + D{Us2) us+ 8.13)
u; (G;Uz + UéG,) u;.
(We write the middle matrix in the second line G,U> + UG, instead of 2G, U since it

will guarantee that R* below is symmetric, which is convenient.)
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Similarly, the first term can be written

x1, (Q11 + Q12D; + D; Q21 + D, 02 D;) x1,+
x1, (Q12Gs + D} 020G;) us+

u; (G, 021 + G; Q22 Dy) x1,+

M;G;QQQG,L{,.

Use (8.13) and (8.14) in (8.12), and collect terms

re =x1,(Q11 + Q12D; + D, Q21 + D; Q22 Dy)x1+
of
x,(Q12G; + D;020G; + Uy + D;Us)u+
Uy
u,(G; Q21 + G} Q0D + Uf + Uy D;)x1+
Uy
(R + G,00G, + G|Us + U}Gy)u,

RY

which we write as

’ * /o ! pk
re = x1,07x1 + 2x1, U u; + u, Rfuy,

where Q} isny x ny, U isny x k, and R} is k x k.

8.3.2 Reformulated Optimization Problem

Use the new expression for r;, (8.15), in the loss function (8.4) to rewrite it as
Jy = x1,0Fx1 + 2x1, U uy + u), R u; + BE, {xi,HVH.lle_l + v,+1} .

Substitute for x1,4+1 by using the “reduced form” evolution, (8.11), to get

Jr = x1, 07 x1r + 2x1, U us + u, R us+

BE: [(A7x1 + Blus + 1) Vi (Afxis + Bfu + ecir) + v |

(8.14)

(8.15)

(8.16)

(8.17)
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which should be minimized with respect to the & x 1 vector u,. This is (since xy; is not a

choice variable and E; ;41 = 0,, 1) equivalent to minimizing
J = 2x5,U*us + uy R*u; + 2 (,BxitAf, Vt+1B,*ut> + ﬁu;B,*, Vi1 B u,
=y (R} + BB Vit B ) e+ 2x1, (U7 + BAY Vi BY ) s (8.18)
The first order conditions are (if R; and V; | are symmetric)
2 (R,* + ,33;*’\/,HB;*) u+2 (U,*’ + ﬂBj’v,HA;‘) X1 =0, (8.19)
which we solve as
w=— (R + BB Vi B) (U7 + BB Vir A7)
= —Fxyy, (8.20)

where F; is k x ny. This is the decision rule in ¢.

8.3.3 Finding the Implied C; and V;

By using the decision rule (8.20) we can substitute for u«, in (8.10) in order to relate x, to

x1; only

Xy = (Dt — G Fy) x14, (8.21)

= Cixyy,

where C; is ny X nj.
We now rewrite the value function in terms of x;; only. Use decision rule (8.20) in
(8.17)

Jropt = x1, 07 x1 — X}, (Ur*Ft + Fr,Ur*,) x1¢ + x|, F/ R} Fyxiy
+ BE; {[(A;k - B,*Ft) X1+ 81+1]/ Vit [(A;k - B,*F,)x“ + €t+1] + Ut+1} , or

I = [Q;‘ — UPF,— FJUY + FIRIF, + B (AT — B ) Viyy (AT — B,*F,)] X1

+ E18;+] BVit1&r+1 + BErvr41. (8.22)
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Recall the following useful fact.

Remark 23 (Cyclical permutation of trace.) Trace(ABC) =Trace(BC A) =Trace(CAB),

if the dimensions allow the products.
Since the second term in (8.22) is

Et8;+1/3Vt+18t+1 = Ptrace(E, Vt+l£t+l£;+1)
= Btrace(Vi4+1%),
we can rewrite (8.22) as
0,

J; (A x;,V;xn + v;, where v, = Btrace(Vi41X) + BE vy 1. (8.23)

Note that this equation is of the same form as the value function in # + 1 in (8.4),
which suggests a recursive algorithm.

8.4 A Recursive Algorithm

1. Start with some guesses of C;1j and a symmetric and positive definite V; .
2. Find F;, C;, and V; according to the previous section.

3. Keep on iterating until F;, C;, and V; converge.

Note that the also the matrices D;, G;, A}, and B}, change during this iterative pro-

Cess.
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To sum up, the equations used in the iterations are

D; = (Ap — C41A12) ' (Crp1A1n — Az1) . (whichis np x ny)

G = (A — Ci11A12) " (G Br — B), (n2 x k)

Af = A+ ApD:, (1 xny)

B} = B1 + A12Gy, (n1 x k)

Qf = Q11+ Q12D; + D; Q2 + D; Q22 Dy, (ny x ny)

U = 012G, + D; 020G, + Ui + D;Us, (n1 x k)

RY = R+ G,00G, + G,Us + UGy, (k x k)

Fo= (R4 BB Vi BY)(UF + BB Vi AY) . (e xmy)

Ci =D; — G F;, (n2 xny)

Vi = QFf — UrF, — FJU + F/RF; + B (Af — BFF,) Viy1 (AF — BFF,), (n1 x ny)

(8.24)
8.5 The Time Invariant Solution
When the decision rules have converged we have
ur = —Fxyy, (8.25)
x2r = Cxyy, (8.26)
and the loss function value is
I =X, Vi + o trace(VE). (8.27)

Note that it should be possible to use this F matrix (padded with O, at the right) as a
simple rule. Provided the decision rule puts the system on a unique stable path, the simple
rule equilibrium (including the C matrix) should be the same as in the discretionary case.

8.6 Dynamics in Terms of x;; and x,
From the constraints (8.3) we have

X141 = An1x1; + Apxy + Bruy + &4 (8.28)
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Combining this with the converged decision rule, (8.25), and the converged relation be-

tween x1, and x2;, (8.26), gives

X141 = (A1 + ApC — B1F) x1; + &141. (8.29)

8.7 Singular Dynamic Equations*

Instead of (8.3), let the constraints be

A A B
X141 _ 11 12 X1t + 1 " + Et+1 i (8.30)
HE;x2/11 Ay An X2t B> 0, x1

where H can be singular (if not, premultiply by H~! to get the system on standard form).

It is straightforward to see that most of the previous derivation of the discretionary
equilibrium still holds. However, in (8.7) we should substitute HC; for C;41—and this
carries through in all equations up to and including (8.10). As a consequence, we have to
do the same in the definitions of D; and G; in (8.24).
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9 Monetary Policy in VAR Systems

9.1 VAR System, Structural Form, and Impulse Response Function

Reference: Walsh (1998) 1.3. For a statistical background, see Hamilton (1994) and
Greene (2000).

Let y; be an n x 1 vector of macro variables, including the policy instrument (usually
a short interest rate or a narrow money aggregate). The VAR system, that is, the reduced

form is
Ve =+ A1y—1+ ...+ Apyi—p + &, & is white noise, Cov(e,) = . 9.1)
The underlying structural form is assumed to be
Fy;=o+ Byy;—1 + ...+ Bpyi—p + uy, u, is white noise, Cov(u;) = D. 9.2)

We are, in most cases, interested in understanding the effect of the structural shocks,
u;. This essentially requires an estimate of the structural form, but that can be achieved
by imposing identifying restrictions on the VAR. As an example, the impulse response
function of the VAR in (9.1) is

Vi =6+ Cie—1 + Cagr2 + ... 9.3)

By comparing (9.1) and (9.2) we see that &, = F~Yu, (or u, = Fe;). We can then rewrite
the impulse response function (9.3) in terms of the structural shocks

ye=F s+ CiF uy + CoF lupg + . 9.4)

A VAR estimation gives us C;, i = 1,2, ..., but not F, so we need to impose restrictions
in order to identify the impulse responses to structural shocks.

Remark 24 The easiest way to calculate this representation is by first finding F~ (see
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below), then using &, = F~Yu, to write (9.1) as

Vi =pn+Ar1yi—1 +~~~+A])yf—p+F7IMt~ 9.5)
To calculate the impulse responses to the first element in u;, set y;_1, ..., y;—p equal to
the long-run average, (I — Ay — ... — Ap) ™', make the first element in u, unity and all

other elements zero. Calculate the response by iterating forward on (9.5), but putting all
elements in u;q1, us42, ... to zero. This procedure can be repeated for the other elements

of u;.

To see the mapping between the reduced form and the structural form, premultiply
(9.2) by F~!. This shows that the relation between the VAR parameters and the structural

parameters is

VAR in terms of structural form parameters
Q@ = F'p(FY (9.6)
Ag = F*IBS fors =1, ..., p.

In the VAR, there are pn2 elements in Ay, ..., A, and n(n + 1)/2 (unique) elements in 2.

In the structural form, there are (1 + p) n?elementsin F, ..., B and n(n +1)/2 (unique)
elements in D. We therefore have to impose at least n? (non-trivial) restrictions on the

structural form in order to back out the structural form parameters from the reduced form.

9.2 Fully Recursive Structural Form

9.2.1 Identification

Remark 25 (Cholesky decomposition) Let Q2 be an n x n symmetric positive definite
matrix. The Cholesky decomposition gives the unique lower triangular P such that Q =
P P’ (some software returns an upper triangular matrix, that is, Q in Q = Q'Q instead).
Note that each column of P is only identified up to a sign transformation; they can be

reversed at will.

Remark 26 (Changing sign of column and inverting.) Suppose the square matrix Aj is
the same as A; except that the i'" and j'" columns have the reverse signs. Then Ay Vis

the same as Al_1 except that the i'" and j™ rows have the reverse sign.

83



The most common set of restrictions is to assume that F is lower triangular and that
D = I, which gives exact identification. The Cholesky decomposition is useful in this
case.

A Cholesky decomposition of the covariance matrix of the VAR residuals, €2, gives
a lower triangular matrix, which by (9.6) can be taken to represent F~!, since a lower
triangular F (as assumed) implies a lower triangular F~! and D = I. Note however, that

the signs of each column of F~! are arbitrary. Therefore, we have
chol () = F~, 9.7)

up to a sign transformation of each column of F~!, which implies a sign transformation
of each row of F. With F identified, By, ..., B, can be calculated from (9.6).

Expression (9.2) with a lower triangular F and D = [ is, in fact, a fully recursive
system of simultaneous equations (Greene (2000) 16.3). Using (9.6) and (9.7) is just a

way to recover the fully recusive system from the VAR.!

9.2.2 Monetary Policy

We now consider monetary policy in a fully recusrive structural model. Partition the
vector of endogenous variables, y;, into the (scalar) policy instrument, s;, variables which

come before s;, x1;, and those which come after s;, xo;,

X1t
=1 s |- 9.3

X2t

'We would asymptotically get the same structural parameters by equation-by-equation LS of (9.2) LS
is FIML in this case (assuming normally distributed shocks), since the structural shocks are assumed to be
uncorrelated. The reason why the two estimates are not identical in small samples is that the VAR approach
imposes that also the small sample estimate of D is an identify matrix, while the equation-by-equation LS
does not.
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Rewrite (9.2) as (assuming o = 0)

F'' 0 o0 X1y B!l B> B3 X1i-1
FX F2 9 5 B B2 B si—1 |+ ...
F31 p32 33 X2 Bl31 3132 Bl33 X1 ]
11 12 13 .
Bp Bp Bp Xlt—p Uiy
3
B)' B} B, si—p |+ | us | 99
31 32 33
B’,7 Bp Bp X2—p | 1257

where F22 is a scalar, and F'! and F33 are lower-triangular matrices (not necessarily with
diagonal elements equal to unity). The covariance matrix of the shocks is the identity
matrix. This model has D = I and a lower triangular F'.

The equation for s; in (9.9) is

Xii—1 Xii—p
F22s,:—F21x1,—|—[ B} B2 3123] i +...+[ B2 B2 312,3] Siep |
X211 X2t—p
(9.10)

If we divide by the scalar F22, then we get a traditional reaction function. Policy in ¢ is
determined by (i) a rule which depends on the contemporaneous xy, (but not x,); (i) all
lagged variables; and (iii) a monetary policy shock, ;.2

Suppose s; is the j’ h element in y;. The impulse response with respect to the monetary
policy shock is then found from the j** columns of the matrices in (9.4), that is, the ;"
columns of F~1, C1F*1, C2F*1,... Since F~! is lower triangular, a policy shock in

period ¢, ug,, has a contemporaneous effect on xy;, but not on xy;.

9.2.3 Importance of the Ordering of the VAR

Suppose the our objective is to analyze the effects of monetary policy shocks on the other
variables in the VAR system, for instance, output and prices. The identification rests on
the ordering of the VAR, that is, on the structure of the contemporaneous correlations as

captured by F. It is therefore important to understand how the results on the monetary

2Note also that since Std(ug) = 1, Sld(ux,/FZZ) =1/ ‘F22|. This clarifies the relation to the tradi-
tional normalization in systems of simulataneous equations (diagonal elements of F equal to unity and D
diagonal but not restricted to be an identity matrix); the absolute values of the diagonal elements in F here
corresponds to the inverses of the standard deviations of the shocks in the traditional normalization.
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policy shock are changed if the variables are reordered.
My conjecture is summarized below. (I have not been able to locate any proof in the

literature and my own proof is only half-baked.)

1. The partitioning of y; into variables which come before, x1;, and after, xy;, the pol-
icy instrument is important for u,, and the impulse response function of all variables

with respect to u;.

2. The order within x|, and x2; does not matter for uy; or the impulse response function

of any variable with respect to u;.

This suggests that we can settle for partial identification in the sense that we must
take a stand on which variables that come before and after the policy instrument, but the
ordering within those blocks are unimportant for understanding the effects of monetary
policy shocks.

The typical identifying assumption in much of Sims’ work (see for instance, Sims
(1980)) is that the monetary policy variable is unaffected by contemporaneous innovations
in the other variables, that is, it is put “first” in the VAR. In later work, by Sims and others,
monetary policy is instead put last (so monetary policy is potentially affected by, but does

not affect, contemporaneous macro variables).

9.2.4 On Variance Decompositions

It is sometimes found in VAR studies that policy surprises explains only a small part of the
variance of y; (a typical result for US studies for the period after 1982, see for instance,
Leeper, Sims, and Zha (1996)). Two comments are warranted (see also Bernanke (1996)).
First, this does not mean that all monetary policy has been unimportant. For instance,
it could be the case that anticipated monetary policy, or more generally, the systematic
monetary policy, decreases the variance of output and inflation. Second, the variance
decomposition does not tell us about the potential effects of monetary policy surprises (the
impulse response function does, however), only about the combination of the potential

effect with the actual monetary policy shocks for that particular sample.
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9.3 Some Controversies

9.3.1 Choice of Policy Instrument: i, or m;?

Sims (1980) showed that the fraction of the forecasting error variance in US output that
can be attributed to money stock innovations is much lower when an interest rate is added
to a VAR of money, price, and output. (The typical identifying assumption in much
of Sims’ work is that the monetary policy variable is unaffected by contemporaneous
innovations in the other variables, that is, it is put “first” in the VAR.)

McCallum (1983) argues that the policy instrument of the Fed is a short interest rate
and that the correct measure of the monetary policy shocks is the residual in a reaction
function for this interest rate

short interest rate = f(lagged macro data) + policy shock. 9.11)

The crucial assumption is that the policy instrument does not depend on contemporaneous
macro data. In contrast, the money stock does, since money demand is probably affected
by shocks to income and prices (as well as the policy shock to the interest rate). The
innovation in the money stock, m;—E;_1m;,, is therefore a mixture of the policy shock
and other shocks.

Bernanke and Blinder (1992) argue for using the federal funds rate as the policy in-
strument. (The federal funds rate is the market interest rate for over-night US dollar loans.
It is usually loans of reserves between banks, called “federal funds loans” since they have
typically been used to meet the reserve requirements. It is not directly controlled by Fed;
only the discount rate is.) First, a policy instrument, if effective, should be able to predict
macro economic variables. They find that the federal funds rate produces better forecasts
of output, employment, and consumption than M1, M2, T-bill rates, or long bonds. Sec-
ond, they notice that the federal funds rate was raised at all cyclical peaks (NBER) and
at most of the “Romer dates.” Estimates of reaction functions like (9.11) produce reason-
able responses to inflation and unemployment shocks. Third, the estimated supply curve
of non-borrowed reserves is extremely elastic at the target funds rate between FOMC
meetings. This suggests that the federal funds rate is predetermined within the month
(and presumably set by policy), and not driven by demand for reserves which changes
continually as the economy is hit by shocks.
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Sims (1992) argues that expansionary shocks to monetary policy should drive output
up and lead to opposite movements in money stock and interest rates. Eichenbaum (1992)
comments that this makes Sims choose the interest rate rather than M1 as the policy
instrument since positive shocks to M1 lead (in typical VAR of the US economy) to an
increase in the federal funds rate and a decline in output! He also notes that MO, but not
non-borrowed reserves, has the same property. Since the former has a less pronounced
price puzzle (see below), Eichenbaum (1992) argues that it is a better measure of monetary
policy than the federal funds rate.

In short (and for the US), the policy instrument is now usually taken to be the federal

funds rate, or in some cases, some narrow money aggregate.

9.3.2 The “Price Puzzle”

The price puzzle is that in a VAR of output, prices, money, interest rate and perhaps
some more variables, contractionary shocks to monetary policy leads to persistent price
increases! This seems to hold not just in the US, but also in several other countries, and
is more pronounced if the policy instrument is taken to be a short interest rate rather than
a money aggregate. It is often not statistically significant, but is so common that it signals
that the VAR might be misspecified.

Sims (1992) discusses how this could be due to a missing element in the reaction
function of the central bank. Commodity prices may signal inflation expectations, so the
central bank may react now by raising interest rates which makes the inflation somewhat
lower than it would otherwise have been (but still positive). If commodity prices are
excluded from the VAR, this may appear as monetary policy shocks having a positive

effect on inflation.

9.4 Interpretation of the VAR Results

Reference: Cochrane (1998).
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9.4.1 Setup and Important VAR Results

Suppose we have estimated an output-money (plus whatever) VAR, imposed identifying
restrictions, and calculated the impulse responses to the structural shocks

| | B (O Ry Wt o (1 ) 2 01
A Rym L) Ryy @) Uyt Uyt

A typical result is that monetary policy shocks have a hump-shaped effect on output,
but also a long lasting effect on monetary policy. In fact, R, (L) and Ry, (L) are quite
similar.

The issue in Cochrane’s paper is whether the impulse response of output, Ry, (L), de-
pends on the monetary policy or not and how this affects the interpretation of the impulse

response functions obtained from an identified VAR model.

9.4.2 If Only Unanticipated Policy Matters

Suppose the true model is that output depends on policy surprises (current and lagged) as

well as other shocks
yi =a* (L) (m; — E—ymy) +b* (L) &y, (9.13)

where L* (m,—E,;_ym;) = m;_y—E,;_s_1m;, and where the non-monetary shock, §;, is
uncorrelated with the monetary shock.

The coefficients in (9.13) are supposed to be unaffected by monetary policy. (This
rules out, among other things, that a change in the volatility of money supply affects the
coefficient of the money supply surprise, as in Lucas’ model.)

Attaching a lag polynomial to policy surprises is ad hoc, but was done almost imme-
diately after the Lucas model was published. The original Lucas model could not explain
the business cycles or the long responses of output to monetary shocks. (The first motiva-
tion for these lags was in terms of capital accumulation, but this can hardly be a plausible
explanation given the stability of capital stock.)

From (9.12) we have

my —E,_1m; = Ry (0) s + Rmy 0) Uyt,
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which can be used to rewrite (9.13) as
yi =a* (L) Ryum (0) thy + a* (L) Rypy (0) uy; +b* (L) 5. 9.14)
Equation (9.14) and the second line in (9.12) must be identical. This implies that
a* (L) Rym (0) = Ry, (L), 9.15)

so the VAR impulse response of output to policy shocks, Ry, (L), is proportional to the
true propagation mechanism, a* (L), which is invariant to actual monetary policy. In this
case, the VAR is useful tool for understanding the effect of monetary policy surprises on
output.

This means that the hump-shaped and long-lasting effect of monetary policy shocks
found in VAR studies , R, (L), reflects the ad-hoc dynamics, a*(L), attached to the
Lucas’ model.

The similarly between R, (L) and Ry, (L) found in VAR studies should, in this
setting, be interpreted as a coincidence.

9.4.3 If No Distinction Between Anticipated and Unanticipated Policy

Consider the extreme case where anticipated policy has the same effect as unanticipated
policy, so the true model is

ye=a*Lym; +b* (L) 6. (9.16)
By using (9.12) this can be written
yi = a* (L) Ryym (L) tns + a* (L) Rypy (L) uyy + 5™ (L) &;. 9.17)
This should be equal to the second line in (9.12), so
a* (L) Rym (L) = Ry (L) . (9.18)

The VAR impulse response function of output to policy shocks, Ry, (L), is no longer
invariant to the policy rule—rather the opposite.

In the extreme case when the propagation mechanism is such that output only depends
on the current monetary policy shock, a* (L) = a*, then the typical hump-shaped pattern
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of Ry, (L) is a reflection of a hump-shaped pattern of how policy shocks affect future
policy, that is of the hump-shaped pattern of R, (L).

Since estimates of Ry, (L) are typically hump-shaped in data, and fairly similar to the
estimates of Ry, (L), this setting suggests that a* (L) & a*, that is, the effect of money
on output is almost contemporaneous.

In this case the VAR is a not a useful tool for understanding the effect of monetary
policy surprises on output. Instead, a direct estimation of (9.16) should work well.

Note that this does not concern the endogenous part of monetary policy, that is, how
monetary policy affects R, (L) and thereby how output reacts to output shocks.

9.4.4 Federal Funds Rate

In this case the monetary policy is measured by the innovations in the Federal funds rate
(ordered last in a VAR including, among other things, commodity prices to deal with the

“price puzzle”). The results are similar to those discussed above.

9.4.5 Sticky Price Models

Sticky price model (for instance the Taylor model) has built-in dynamics, where both an-
ticipated and unanticipated policy matters, but where the latter is usually more powerful.
The built-in dynamics decreases the need for ad hoc dynamics, as captured by a* (L)
above, in order to explain the observed VAR impulse response of output to money supply

surprises.

9.5 “The Federal Funds Rate and the Channels of Monetary Trans-

mission” by Bernanke and Blinder
Reference: Bernanke and Blinder (1992).

e Monthly US data 1959:1-1978:12.
e VAR of federal funds rate, unemployment rate, log of CPI, deposits/securities/loans.
e Identifying assumption: monetary policy is predetermined (does not depend on

other contemporaneous shocks, as in much of Sims’ work).
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e Results: (i) policy shocks (higher federal funds rate) increases the unemployment
rate after a year; (ii) bank deposits fall; (iii) banks initially sell off securities to
balance the drop in deposits, but this is later undone and the volume of loans is

reduced instead.

e Interpretation: adjustment of the stock of loans takes time, so the fall in deposits
is initially met by selling of liquid securities. Unemployment starts to rise at the
same time as stock of loans is reduced. More than a coincidence (decreased supply
of credit - the “credit channel”)? Or is it that the demand for loans decrease as the

interest rate increase creates a recession by the standard IS-LM mechanism?

9.6 “The Effects of Monetary Policy Shocks: Evidence from the Flow

of Funds” by Christiano, Eichenbaum, and Evans
Reference: Christiano, Eichenbaum, and Evans (1996).

e A study of the effect of monetary policy shocks on, for instance, “net funds raised

in the financial markets” by nonfinancial business or households.
e Quarterly US data 1960:Q1-1992:Q4.

e VAR (in levels?) of log real GDP, log of GDP deflator, log commodity prices,
federal funds rate, minus log of non-borrowed reserves, total reserves, and net funds

raised in the financial markets. This is also the ordering in the identification.

— Choice of policy instrument: federal funds rate or minus log of non-borrowed
reserves (in the latter case the order of the federal funds rate and the non-
borrowed reserves is reversed in the VAR). The results are not particularly

sensitive to this choice.

— Commodity prices included to avoid the prize puzzle.
e Inspection of the estimated shocks to the federal funds rate.

— The policy shocks are relatively high before each NBER recession, et vice

versa. Causality?
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— Persistent effects on the federal funds rate (lasts almost two years).

— A positive shock decreases Fed’s holdings of US government securities. Are
the subsequent increases in the interest rate accomplished by selling bills and

bonds (open market operations)?

— A positive shock decreases M1 and output (the latter with a lag of two quar-

ters).

e Result: the initial effect of a positive shock to the federal funds rate is to increase
net funds raised by the business sector for almost a year, and it is only thereafter that
we observe a decline! This is quite contrary to most models, including the “credit
channel ” interpretation of Bernanke and Blinder (1992). Why? Interest rate shocks
create recessions, firm revenues decrease, but costs take time to change?

9.7 “Do Measures of Monetary Policy in a VAR Make Sense” by
Rudebusch

Reference: Rudebusch (1998) and Sims (1998).
e VAR interest rate equations.

— Can be interpreted as a reaction function, see (9.10).

— Time invariant, linear structure: tests of parameter stability in the reaction
function often rejects stability (monthly US data 1960-:1-1995:3.)

— Small information set: traditional reaction functions typically use a much
larger information set (trade deficit, stance of fiscal policy, measures of po-
litical pressure). The official records indicate that different types of data has

been of interest at different times.

— Use of final data, ¥ ¥, while the true reaction function can only include prelim-
inary data, Y”, where Y, = ¥,/ + w,. Suppose the true reaction function is
S; = aY,P + uy;, but we estimate s, = aY,F + ey = (xY,P + aw; + ug. If the
statistical agency produces inefficient preliminary estimates, then w, and ¥,
will be correlated and the estimator that produces @ is inconsistent. Important?
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- long distributed lags: VAR estimates often show significant coefficients at
lags of many months, which indicate that there is some variation in the federal
funds rate which can be predicted many months in advance. This is at variance
with other evidence.

o VAR interest rate shocks.

— Comparison of the VAR innovations, that is, the j h element in ¢; from (9.1)
(rather than the structural shocks uy,) with the difference between forward
federal funds rate and the realized federal funds rate (short sample: 1988:10-
1995:3).

— This is done for the forecast/forward price of the federal funds rate average
over a month which be realized one-, two-, and three-months in the future.

— The VAR shocks are much more volatile than the surprise according to finan-

cial data, and the correlation between them is low.
e Other observations.

— Different VARSs in the literature have produced different time series of policy
shocks, but fairly similar impulse response functions. Strange! Data mining
to get a reasonable impulse response function?

Sims (1998) has two important comments on Rudebusch’s paper. First, excluding
an exogenous variable from a regression (in a system of equations) does not necessarily
lead to bad estimates of the coefficients (this is clearly the case if the excluded explana-
tory variables are uncorrelated with the other explanatory variables), but will obviously
change the fitted residual. Second, the Federal funds rate is often changed quickly as new
information about the state of the economy arrives. This means that innovations to the
federal funds rate contain both policy surprises (what we want to measure) and reactions
to innovations in the state of the economy. The difference between the federal funds fu-
tures and the actual federal funds rate is such an innovation.. In contrast, a VAR where
the policy instrument is allowed to depend on current values of the state of the economy,
may potentially be able to separate the components of the innovation. Note that this is an
argument for not making the monetary policy instrument predetermined, as is the case in

much of Sims’ own work.
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9.8 “What Does Monetary Policy Do?” by Leeper, Sims. and Zha

Reference: Leeper, Sims, and Zha (1996) and Bernanke (1996).

This paper estimates large VAR systems of monetary policy, sometimes with split of
the sample. The degrees of freedom problem is handled with a Bayesian approach.

In his comment on the paper, Bernanke finds that the most important conclusions from

the paper are the following.

1. The estimated effects of monetary policy seems plausible: the VAR approach might

work.

2. Empirically, short interest rates are better indicators of monetary policy than mon-
etary aggregates. This finding is not surprising given the amount of interest rate
smoothing that most central bank pursue: the supply curve of reserves is almost flat
between infrequent interest rate changes; most innovations in monetary aggregates

reflect money demand innovations.

3. Monetary policy surprises have been relatively unimportant for US macroeconomic

fluctuations since 1960.

4. Monetary policy reacts strongly to the macroeconomic situation (the “feedback” or

“systematic” part of monetary policy is an important part of monetary policy).

Bernanke points out that the third point does not prove that monetary policy shocks
cannot have large effects. In order to assess this possibility, the impulse response function
is more useful than the forecasting error variance decomposition. He also notes that the
VAR approach has little to say about the effects of anticipated monetary policy.

9.9 “Identifying Monetary Policy in a Small Open Economy under
Flexible Exchange Rates’” by Cushman and Zha

Reference: Cushman and Zha (1997).

The authors argue that a VAR study of a small open economy cannot be done in the
same way as for the US. They try to incorporate the following aspects in a VAR of monthly
Canadian macro data.
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1. Interest rates movements are likely to react contemporaneously to foreign interest
rates. This is an argument against assuming that the monetary policy instrument is
predetermined (like in much of Sims” work).

2. Under a flexible exchange rate regime, the exchange rates should be allowed to

react to all contemporaneous shocks. It is, after all, a forward looking asset price.
3. Trade flows are interesting and important.

4. Foreign variables can be treated as a separate block, which is (block) exogenous for
the domestic (small open) economy. In practice, this means that domestic variables

are not allowed to affect foreign variables - not even with a lag.

5. Data: monthly 1974-1993 data for Canada. US is taken to be the “the rest of the
world.”

6. A (Sims style) identification gives the strange result that a monetary contraction
leads to price increases (the “price puzzle” once again) and a depreciation of the

exchange rate (an “exchange rate puzzle”).

7. Their identification implies a traditional money demand equation (M1, P, y, i), and
a money supply equation which may depend on the foreign interest rate and com-
modity prices, but not on contemporaneous output. (Plus a few more things.)

8. Their results indicate that a monetary contraction leads to an appreciation of the
Canadian dollar, an increase in the interest rate and a decrease in the money stock,
a prolonged negative effect on the price level, and a small but negative effect on
output. The variance decomposition indicate that monetary policy shocks account

for only a small fraction of forecast error variance of output.

9.10 ‘“What Does the Bundesbank Target?”’ by Bernanke and Mihov

Reference: Bernanke and Mihov (1997). See also Walsh 9.4 and Bernanke and Mihov
(1998).

Remark 27 (Bundesbank’s interest rates. See, for instance, Burda and Wyplosz (1997)

9.3) The floor of the interest rate tunnel was the discount rate. Access to this was limited
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by quotas. The ceiling was the Lombard rate at which banks borrowed in emergencies.
The repo rate was in between. The instruments of the Bundesbank were these three rates,

the quotas, and the reserve requirements.

Bernanke and Mihov study what the Bundesbank has actually done over the period
1969:01 to 1990:12. They find that inflation forecasts explain much more of the variance
in the Lombard rate than does money growth. The conclude that the Bundesbank has, in
fact, been running an inflation target.

Their structural model looks like

I—-F 0 Y, :Xk: By Co [ Yis | [ A7 0 v
-Dy I-Gy P, ~| Ds G Pi_s 0 AP ol |’
(9.19)

where shocks are uncorrelated with each other. P; is a vector of “policy variables” with
the associated structural shocks v,” , where the innovations to the variables in P, may be
correlated through a non-diagonal matrix A”. Y; is a vector of non-policy variables, like
output and inflation.

Policy variables have no contemporaneous effect on the non-policy variables (the op-
posite approach to what Sims typically use). If P, was a scalar, this would be enough for
identifying the policy shock, v/. It would simply be the residual in a regression of P, on
contemporaneous Y; and lags of both P; and Y;.

In this paper, P; contains total reserves, fr, non-borrowed reserves, nbr, the call rate
(a market rate of reserves, similar to the federal funds rate), cr, and the Lombard rate, [r.
It is therefore necessary to put extra restrictions on the system in order to extract a scalar
policy shock, vy.

The reduced form, VAR, of (9.19) is

Y, Y; ul
=) A B T . (9.20)
el

The VAR residuals for the policy block has been split up into two components. To see
what they are, note that by the rules of partitioned matrices, we have that the inverse of

the leading matrix in (9.19) is.

-1 1
I-F 0 _ (IfF)_ i 0 e
-Dy I-Gy (I =Go) 'DoI +F)™' (I-Go)™!
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The VAR shocks of the policy variables must have the following relation to the structural

shocks
ul +ul = —Go) " APV + (I = Go) ™' Do (1 + F)~' AV 9.22)

Define u” to be (I — Go)~! APv?, that is, the part of the VAR shock (of the policy vari-
ables) which is uncorrelated with structural non-policy shocks, v;. (Recall that v/ and v;
are uncorrelated). We must therefore have

(I — Go)ul = APYf. 9.23)

The model for the policy innovations are (corresponding to equations (2.7)-(2.10) in
the paper)

Total reseves demand : u,, = —aue + v?
Lombard loans demand : uy; = 8 (uer — usy) + v°
Nonborrowed reserves supply : unpr = ¢9v? + ¢P0P + ¢*v* + v"

Lombard rate : u; = y9v? + pPv? + y™0" +0°,

and v* is taken to be the “policy shock,” which we want to identify. Using the identity

Uy = Uy — Unpr, the model implies the following restrictions on (9.23)

10 o O sy 1 0 0 0 v
1 -1 -8 B Unpr | _ | O 10 0 v’ ©0.24)
01 0 0 Uer ¢ 9P 1 ¢ V" '
00 O 1 upr yd oyt oyn o1 V¥

1-Gy AP

The model is estimated in a two-step procedure. First, each equation in the VAR (9.20) is
estimated separately with least squares. Second, the policy shock is identified by matching
the covariance matrix of the VAR residuals with the covariance matrix implied by the
theoretical model (9.24). The idea is that if we had the Cov(u{’) (has4(4+1)/2 =10
unique elements), then we could solve for the parameters in (9.24) (there are 8 parameters)
plus the variances of the structural shocks (4). With at least additional two restrictions

(on top of all the zeros and cross restrictions already assumed), the parameters could be
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identified, that is, we solve (typically a non-linear problem) for the parameters and the
variances from Cov(u!).

They therefore put additional restrictions. For instance, in case of “Lombard rate
targeting” they set y¢ = y? = y" = 0 (gives overidentification), which means that
v = w,. Alternatively, with “nonborrowed-reserves targeting,” they impose ¢¢ = ¢” =
¢* = 0 (gives overidentification).

The previous discussion supposed that we could observe u! and calculate Cov(u?).
However, the VAR shocks for the policy blocks are u! + u! as given in (9.22). One way
of dealing is as follows (I do not know how Bernanke and Mihov did). By (9.19)-(9.21)
the VAR shock for the non-policy block must be

u = - F)~' A (9.25)
From (9.21) we then get
ul +ul =1 — Go)~' APv! + (I — Go)™! Dou] . (9.26)
This gives

Cov (uf +uf) = (I — Go)~" APCov (v]) A’ [(1 - Go)’l]/ +

’
(I — Go)™" DoCov (u?) D} [(1 - Go)’l] , 9.27)
since v}, and therefore u}, and v/ are uncorrelated. From (9.26) we also get
" | I
Cov (u? +ul,u)) = (I — Go)~™" DoCov (i) [(1 - Go)_]] D}, (9.28)

The matrices Cov(u! + uf), Cov(ul + u, u;) and Cov(u;) can be estimated from
the VAR residuals. If A” and I — Gy are identified as discussed in conjunction with
(9.24), then the equations in (9.28) are sufficient to identify Dy, since it has as many

unique elements as there are elements in Dy.
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